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Abstract. This paper is a mathematical study of quantum correlation functions in
quantum field theory within a homotopy algebraic framework motivated from the
BV quantization scheme. We characterize quantum correlation functions by algebraic
homotopy theoretical methods which circumvent gauge fixing and perturbative Feyn-
man diagrams. We show that there is a universal algebraic structure, closely related
with that of the WDVV equation, governing quantum correlation functions of every
quantum field theory in our framework up to a certain ambiguity. The algebraic struc-
ture is independent of the details of the quantum expectation, other than its existence
with the prescribed symmetry, and comes with a concrete algorithm for explicit com-
putations.Wewill alsomake proposals for the precise natures of quantum expectation
and physical equivalence of quantum field theories.
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1. Introduction
1.1. Background
The Batalin-Vilkovisky (BV) quantization scheme of classical field theory is a versatile
framework in dealing with a complete tower of infinitesimal classical symmetries —
the (gauge) symmetry of a classical action Scl, symmetries of the symmetry, etc.—
which provides physicists with not only a general method of gauge fixing but also
a criterion for independence of path integrals from gauge choices, so that one may
compute quantum correlation functions by enumerating Feynman diagrams after a
suitable gauge choice [3]. But ultimately, the scheme is a homological algebraic im-
plementation of an infinitesimal symmetry of the quantum expectation that satisfies
a Schwinger–Dyson type equation [10,21,12,17]: that is, the (non-existing) path in-
tegral measure is translation invariant before being twisted by e−
1
ħh Scl .
Exploiting such a symmetry systematically, we attempt to characterize quantum corre-
lation functions by algebraic homotopy theoretical methods which circumvent gauge
fixing and perturbative Feynman diagrams. We show that there is a universal alge-
braic structure, closely related with that of the WDVV equation, governing quantum
correlation functions of every quantum field theory in our framework up to a cer-
tain ambiguity. The algebraic structure is independent of the details of the quantum
expectation, other than its existence with the prescribed symmetry, and comes with
a concrete algorithm for explicit computations. We will also make proposals for the
precise natures of quantum expectation and physical equivalence of quantum field
theories. We will treat the Planck constant ħh as a formal parameter but our main
results on the universal algebra governing quantum correlations will be exact.
Algebraically, working over a ground field | of characteristic zero, we regard a BV
quantization of a classical field theory as a blackbox producing:
– a unital Z-graded commutative and associative algebra
 
C , 1C , ·

over |,
– an odd second order algebraic differential operator ∆, satisfying ∆2 = ∆1C = 0
whose failure to be a derivation of the product · defines an odd Poisson bracket
( , )BV , and
– a quantum master action S = S+ħhS(1)+ħh2S(2)+ · · · ∈ C [[ħh]], which is a solution
to the quantum master equation:
∆e−
1
ħh S = 0⇐⇒−ħh∆S +
1
2
(S , S)BV = 0,
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andwhose classical limit S incorporates both the classical action Scl and a complete
tower of infinitesimal classical symmetries.1
We can organize those outcomes as a tuple
 
C [[ħh]], 1C , · , K

, where
 
C [[ħh]], 1C , ·

is the topologically-free |[[ħh]]-algebra generated by
 
C , 1C , ·

and K : C [[ħh]] →
C [[ħh]] is a |[[ħh]]-linear differential defined by K := − ħh∆+ (S , )BV which satisfies
K
2 = K1C = 0 and, for all homogeneous x 1, x 2 ∈ C [[ħh]],
K
 
x 1 · x 2

− K x 1 · x 2 − (−1)
|x1|x 1 · K x 2 = (−ħh)
 
x 1, x 2

BV
,
while ( , )BV is a derivation of the product. To summarize all those properties, we
say that the tuple
 
C [[ħh]], 1C , · , K

is a BV-QFT algebra with quantum descendant 
C [[ħh]], 1C , K , ( , )BV

, which is a topologically-free unital sDGLA over |[[ħh]].2 Then a
quantum expectation can be interpreted as a cochain map c : C [[ħh]]→ |[[ħh]] from the
pointed cochain complex (C [[ħh]], 1C , K) to the pointed cochain complex (|[[ħh]], 1,0)
with zero differential, both over |[[ħh]]. The condition c(1C ) = 1 is a normalization
and the condition c ◦ K = 0 is the homological algebraic condition defining an in-
finitesimal symmetry of the quantum expectation. Another quantum expectation c˜ is
physically equivalent to c if they are homotopic c ∼ c˜ as pointed cochain maps or,
equivalently, if they have the same cochain homotopy type [c] = [c˜]. Such a vari-
ation of quantum expectation within its homotopy type corresponds to a change of
gauge fixing in the BV quantization scheme and every quantum correlation function
should be invariant of the homotopy type of the quantum expectation.
For example, we can consider a quantum observable as a homogeneous element O ∈
C [[ħh]] satisfying K O = 0 so that its expectation value 〈O〉c := c(O) depends only on
the cochain homotopy type of the quantum expectation c, i.e, 〈O〉c = 〈O〉c˜ whenever
c∼ c˜. Let O and O˜ be quantum observables that belong to the same K-cohomology
class. Then, they have the same quantum expectation value 〈O〉c = 〈O˜〉c. Therefore,
we may consider the space of equivalence classes of quantum observables as the
cohomology H of the cochain complex
 
C [[ħh]], K

on which the homotopy class of
quantum expectation c induces uniquely a |[[ħh]]-linear map ι : H → |[[ħh]] such that
ι(1H ) = 1, where 1H is the cohomology class of 1C . Then, we might try to introduce
an algebraic structure on H governing quantum correlation functions between and
1 Given a classical field theory such as Yang–Mills theory, setting up and working out its BV quanti-
zation are important mathematical challenges, for which we refer to Costello’s book [6].
2 The acronym sDGLA stands for shifted differential graded Lie algebra; in such an algebra, the Lie
bracket has degree 1. This is a special case of an sL∞-algebra — a homotopy Lie algebra with degrees
shifted by one.
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among quantum observables thought of as pairs, triples, and so on. However, we
immediately run into an interesting conundrum.
To wit, the products O ·O and O˜ ·O˜ of quantum observables O and O˜ , which are as-
sumed to have the same K-cohomology class, are not quantum observables in general
and, even if they happen to be quantum observables by some accident, they may be-
long to different K-cohomology classes, i.e., in general 〈O ·O〉c 6= 〈O˜ ·O˜〉c. Therefore
the naive definition of n-fold quantum correlation functions among quantum observ-
ables as the quantum expectation value of n-fold products of quantum observables is
inadequate. These problems in general originate from the nature of the differential
K which is not a derivation of the product. Rather the failure of K to be a deriva-
tion of the product · is divisible by ħh. This property, on the other hand, is crucial in
capturing quantum correlations: Assume that K is a derivation of the product and
O − 〈O〉c · 1C = Kλ. Then, the variance
¬ 
O − 〈O〉c · 1C
2¶
c
≡ 〈O ·O〉c − 〈O〉
2
c
of
any quantum observable O should always be zero. But we expect that the variance
vanishes identically only in the classical limit in the presence of quantum correlation.
A partial resolution of the above problems can be accomplished by adopting the no-
tion of a homotopical family of quantum observables. We can regard a non-empty set
{Oa}a∈I of quantum observables as the image of a basis {ea}a∈I of a Z-graded vector
space V under a cochain map ϕ1 :
 
V [[ħh]], 0

→
 
C [[ħh]], K

, i.e. ϕ1 : V [[ħh]]→C [[ħh]]
is a degree zero map satisfying K ◦ ϕ1 = 0 and Oa = ϕ1(ea), for all a ∈ I . On
the other hand, a homotopical family of quantum observables is defined to be an
sL∞-morphism ϕ :
 
V [[ħh]], 0

//
 
C [[ħh]], K , ( , )BV

, where ϕ = ϕ1,ϕ2, . . . and
ϕn = ϕ
(0)
n +ħhϕ
(1)+. . . is a family of degree preserving |-linear maps, parametrized by
ħh, from the nth (super)symmetric power SnV of V to C , i.e., ϕ ∈ Hom
 
SnV,C )0[[ħh]].
Then, there is an associated family Πϕ = Πϕ1 ,Π
ϕ
2 , . . . of quantum correlators, where
Π
ϕ
n ∈ Hom
 
SnV,C )0[[ħh]] satisfies K ◦ Πϕn = 0, and the family of (joint) quantum
moments can be defined as the following:
¦

Πϕn (ea1 , . . . , ean)

c
n≥ 1 ; a1, . . . ,an ∈ I©.
This family is an invariant of the homotopy type of the quantum expectation c. We
also have


Π
ϕ
n (ea1 , . . . , ean)

c
=
¬
Π
ϕ˜
n (ea1 , . . . , ean)
¶
c
for all n ≥ 1 and a1, . . . ,an ∈ I
whenever the two corresponding sL∞-morphisms ϕ and ϕ˜ are homotopic. We can
also view the homotopical family of quantum observables as the simultaneous quan-
tum correction Πϕn (ea1 , . . . , ean) of every multiple product Oa1 · . . . · Oan of quantum
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observables in the set {Oa}a∈I . For example, we have
Π
ϕ
2 (ea1 , ea2) =Oa1·Oa2 − ħhOa1a2 ,
Π
ϕ
3 (ea1 , ea2 , ea3) =Oa1·Oa2·Oa3 − ħhOa1a2·Oa3 − ħhOa1·Oa2a3 − ħh(−1)
|Oa1 ||Oa2 |Oa2
·Oa1a3
+ ħh2Oa1a2a3 ,
etc., where Oa1...αn := ϕn(ea1 , . . . , ean). A homotopical family of quantum observables
also corresponds to a formal deformation of the quantum master action S to a new
quantum master action S +Θϕ , where Θϕ = taϕ1(ea)+
1
2!
ta1 ta2ϕ2(ea1 , ea2)+ . . . and
{ta}a∈I are variables dual to {ea}a∈I .
3 In the deformation we have ∆e−
1
ħh S+Θ
ϕ
= 0
and homotopic sL∞-morphisms produce equivalent deformations. Then, we have
the following generating function for the quantum moments — depending only on
the homotopy types of c and ϕ —
c

e−
1
ħhΘ
ϕ

= 1+
∞∑
n=1
1
n!
tan · · · ta1


Πϕn (ea1 , . . . , ean)

c
.
However, the above resolution is not entirely satisfactory since there are numerous
inequivalent ways of extending a cochain map ϕ1 :
 
V [[ħh]], 0

→
 
C [[ħh]], K

into
non-homotopic sL∞-morphisms. This means that quantum corrections to the prod-
ucts Oa1 · . . . · Oan can be arbitrary so that the interpretation of

Π
ϕ
n (ea1 , . . . , ean)
	
as
the family of joint quantum correlation functions among the set {Oa}a∈I of quantum
observables is ambiguous. The second approach, which is eventually our resolution
to this problem adopts a kind of complimentary principle, swinging back and forth
between the classical and quantum vantage points and will reveal to us, arguably, the
true nature of quantum correlations.
The classical limit
 
C , 1C , · ,K

of the BV-QFT algebra
 
C [[ħh]], 1C , · , K

is a unital
differential graded commutative algebra (CDGA) over |, where K :=
 
S,

BV
and
S = Scl + . . . is the classical limit of the quantum master action S so that S satisfies
the classical BV master equation
 
S,S

BV
= 0. In contrast to the differential K =
K − ħh
 
∆− (S(1), )BV

+ . . ., the classical differential K is a derivation of the product.
We say an element O ∈ C is an off-shell classical observable if KO = 0 and two off-
shell classical observables are equivalent if they have the same K-cohomology class.
Then any product O1 · . . . ·On of off-shell classical observables O1, . . . ,On is an off-shell
classical observable, whose equivalence class depends only on the equivalence classes
of O1, . . . ,On. In fact, it is the cohomology (H, 1H , 0) of the classical pointed cochain
3 We use Einstein summation convention throughout this paper.
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complex
 
C , 1C ,K

that is the arena of classical physics, where the differential K
can be viewed as an odd vector field on an appropriate classical fields space whose
vanishing loci is the classical equation motion space — the moduli space defined by
classical equations of motion modulo classical symmetry, and H corresponds to the
space of |-valued function(als) on the classical equation motion space. Therefore, it
is appropriate to define a classical observable as a homogeneous element in H — an
equivalence class of off-shell classical observables.
Then we will propose precise notions for a quantization of off-shell classical observ-
ables and corresponding quantum correlators among classical observables, which will
lead us to a universal and exactly computable algebraic structure governing every
quantum correlation.
1.2. The Results
We will work with binary QFT algebras, which are a natural generalization of BV-QFT
algebras which share the same relevant universal properties. A binary QFT algebra is
a tupleC [[ħh]]BQFTA =
 
C [[ħh]], 1C , · , K

, where
 
C [[ħh]], 1C , ·

is a topologically-free
unital Z-graded commutative and associative algebra over |[[ħh]] and
 
C [[ħh]], 1C , K

is a pointed and topologically-free cochain complex over |[[ħh]], which satisfies a se-
quence of ħh-compatibility axioms between the product · and the differential K—
namely the failure of K to be a derivation of · is divisible by ħh and the nth iterated
failure is divisible by ħhn. Then the role of the topologically-free sDGLA associated to a
BV-QFT algebra is played by a topologically-free unital sL∞-algebra
 
C [[ħh]], 1C , ℓ=
K , ℓ2, ℓ3, · · ·

over |[[ħh]], called the quantum descendant of C [[ħh]]BQFTA.
The classical limit
 
C , 1C , · ,K

of the binary QFT algebra C [[ħh]]BQFTA is still a unital
CDGA over |. Therefore, the underlying pointed cochain complex
 
C , 1C ,K

over | is
homotopy equivalent to its cohomology (H, 1H , 0), which is regarded as the arena of
classical physics. We fix a homotopy equivalence ( f ,h, s), where s :C →C is a split-
ting and both f : H → C and h : C → H are pointed cochain quasi-isomorphisms.
In particular, f is a |-linear choice of a set of off-shell representatives of all classi-
cal observables. A quantization of every off-shell classical observable is defined as
a deformation (f,h, s) of ( f ,h, s) such that (f,h, s) is a homotopy equivalence be-
tween
 
H[[ħh]], 1H , 0

and
 
C [[ħh]], 1C , K

as pointed cochain complexes over |[[ħh]].
In general, there are obstructions order by order in ħh to such a deformation. These
obstructions can be organized into a differential κ = ħhc(1)+ħh2c(2)+ . . . in such a way
that (f,h, s) is a homotopy equivalence between
 
H[[ħh]], 1H ,κ

and
 
C [[ħh]], 1C , K

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as pointed cochain complexes over |[[ħh]]. This construction, which is an application
of standard homological perturbation theory, is not unique but is as canonical as pos-
sible in the sense that everything depends at most on the choice of the splitting s and,
in particular, the condition κ = 0 is independent of this choice. We say a binary QFT
algebra is anomaly-free if κ = 0, so that any off-shell classical observable admits a
quantization.
We will develop a general theory including the anomalous case but here we state the
main theorems of this paper restricted to the anomaly-free case, which has a more
straightforward physical interpretation.
Theorem 1.1. Let C [[ħh]]BQFTA be an anomaly-free binary QFT algebra with associated
quantum descendant unital sL∞-algebra
 
C [[ħh]], 1C , ℓ

. Then, there is a distinguished
unital sL∞-quasi-isomorphism
φ :
 
H[[ħh]], 1H , 0

//
 
C [[ħh]], 1C , ℓ

with the following factorization and ħh-finiteness property.
To state the property, define the associated family Π= Π1,Π2, . . . of quantum correlators,
for all n≥ 1 and homogeneous v1, . . . , vn ∈ H, as
Πn(v1, · · · , vn)) :=
∑
p∈P(n)
(−ħh)n−|p|ǫ(p)φ
 
vB1

· . . . ·φ
 
vB|p|

.
The condition is then that for any quantum expectation c we have a |[[ħh]]-linear func-
tional ι : H[[ħh]] → |[[ħh]] such that the n-fold quantum correlation function c ◦ Πn
admits a factorization
c ◦Πn = ι ◦ π`n : S
nH[[ħh]] −→ |[[ħh]],
where π`1 is the identity IH map on H and, for all n≥ 2,
– π`n has polynomial dependence on ħh of degree not higher than n− 2:
π`n = π`
(0)
n
+ (−ħh)π`(1)
n
+ . . .+ (−ħh)n−2π`(n−2)
n
,
where π`
( j)
n : S
nH → H for j = 0,1, . . . ,n− 2 and
– π`n(v1, . . . , vn−1, 1H) = π`n−1(v1, . . . , vn−1).
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The first part of our theorem says that H[[ħh]], viewed as an unital sL∞-algebra over
|[[ħh]] with the trivial sL∞-structure
 
H[[ħh]], 1H , 0

, is quasi-isomorphic to the unital
sL∞-algebra
 
C [[ħh]], 1C , ℓ

, whenever κ = 0. It also says that there is a distinguished
unital sL∞-quasi-isomorphism φ between them. The rest of the theorem explicates
the consequences of this.
For a quantum expectation c : C [[ħh]] → |[[ħh]], we call ι := c ◦ f : H[[ħh]] → |[[ħh]]
the on-shell quantum expectation. We regard the on-shell quantum expectation as
a family of |-linear maps parametrized by ħh from H to |: the quantum expectation
value of a classical observable v ∈ H is 〈f(v)〉c = ι
(0)(v) + ħhι(1)(v) + ħh2ι(2)(v) + . . . ∈
|[[ħh]]. We call c ◦ Πn the n-fold quantum correlation function, and regard it as a
family of |-linear maps parametrized by ħh from SnH to |. The family of joint quantum
moments of a non-empty set of classical observables {v1, . . . , vk} ⊂ H is defined to be
the family
n

Πn(v j1 , . . . , . . . , v jn)

c
= c ◦Πn(v j1 , . . . , . . . , v jn) ∈ |[[ħh]]
n≥ 1; 1≤ j1, . . . , jn ≤ no
of invariants of the homotopy type of quantum expectation c.
The factorization property c ◦Πn = ι ◦ π`n says that n-fold quantum correlation func-
tions are determined by the on-shell quantum expectation ι and π`n, which has the
distinguished property that it only has polynomial dependence in ħh of degree at most
n− 2 for all n≥ 2. This pushes convergence issues, when ħh is no-longer treated as a
formal variable, for quantum correlation functions to the on-shell quantum expecta-
tion, about which this paper takes an agnostic viewpoint.
There can be infinitely many different unital sL∞-quasi-isomorphisms from H[[ħh]] to
C [[ħh]]. For each such quasi-isomorphism ϕ we can define an associated family Πϕ of
quantum correlators and corresponding quantum correlation functions c◦Πϕ so that
c◦Π
ϕ
n = ι◦π
ϕ
n , whereπ
ϕ
n := h◦Π
ϕ
n . However, ifϕ is not homotopic to the distinguished
morphism φ as a unital sL∞-morphism, then π
ϕ
n is only a formal power series in ħh
for all n≥ 2 in general, rather than a polynomial. We call the sL∞-homotopy type of
φ a quantum structure on C [[ħh]]BQFTA.
The proof of Theorem 1.1 will be constructive: there is a concrete algorithm to deter-
mine the family π` = π`1, π`2, . . .. The next main theorem is about the internal structure
of the family π`: that it is determined by the components π`(n−2)n for n≥ 2.
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Theorem 1.2. There is a family m` = m`2, m`3, . . ., which determines π`2, π`3, . . . by the
following recursive formula: for all n≥ 2 and homogeneous v1, . . . , vn ∈ H,
π`n(v1, . . . , vn) =
∑
p∈P(n)
|B|p||=n−|p|+1
n−1∼pn
(−ħh)n−|p|−1ǫ(p) π`|p|

vB1 , · · · , vBp−1 , m`
 
vB|p|

.
Moreover, the family m` has the following properties:
– symmetry: m`n is a |-linear map of degree 0 from S
nH to H for all n≥ 2;
– unity: m`2(1H , v1) = v1, while m`n(1H , v1, . . . , vn−1) = 0 for all n≥ 3;
– generalized associativity: for all n≥ 0,∑
ς⊂[n]
ǫ(ς⊔ ςc)m`
 
vς ⊗ m`(vςc ⊗w1 ⊗w2)⊗w3

=
∑
ς⊂[n]
ǫ(ς⊔ ςc)(−1)|vςc ||w1|m`
 
vς ⊗w1 ⊗ m`(vςc ⊗w2 ⊗w3)

.
See Theorems 6.2 and 6.3 for the full details.
We call the tuple
 
H, 1H , m`

the on-shell quantum correlation algebra of the anomaly-
free binary QFT algebra C [[ħh]]BQFTA and call π` the family of iterated quantum corre-
lation products generated by m`.
Here are some explicit expressions for π` in terms of m` as the notation for these
interesting relations are yet to be introduced:
π`2(v1, v2) =m`2(v1, v2),
π`3(v1, v2, v3) =m`2
 
v1, m`2(v2, v3)

− ħhm`3(v1, v2, v3),
π`4(v1, v2, v3, v4) =m`2
 
v1, m`2(v2, m`2(v3, v4)

− ħhm`2
 
v1, m`3(v2, v3, v4)

− ħh(−1)|v1||v2|m`2
 
v2, m`3(v1, v3, v4)

− ħhm`3
 
v1, v2, m`2(v3, v4)

+ ħh2m`4(v1, v2, v3, v4).
The following theoremwill provide us an algorithm to determine the family m` directly
by a certain sequence of classical cohomology computations:
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Theorem 1.3. There is a familyφ−1 = φ−12 ,φ
−1
3 , . . . of |-linearmapsφ
−1
n
from Sn−2H⊗
S2H to C of degree −1 so that m`n = h ◦Mn for all n≥ 2, where
Mn(v1, . . . , vn)
:=
∑
p∈P(n)
|p|=2
n−1≁pn
ε(p)φ
 
vB1

·φ
 
vB2

−
∑
p∈P(n)B|p|=n−|p|+1
n−1∼pn
|p|6=1
ǫ(p)φ|p|

vB1 , . . . , vB|p|−1 , m`(vB|p|)

+
∑
p∈P(n)
n−1∼pn
|p|6=1
ǫ(p)ℓ|p|

φ
 
J vB1

, . . . ,φ
 
J vB|p|−1

,φ−1
 
vB|p|

,
and φ is the classical limit of the distinguished unital sL∞-quasi-morphism φ.
Note the classical limit
 
C , 1C ,ℓ

of the quantum descendant algebra
 
C [[ħh]], 1C , ℓ

is a unital sL∞-algebra over |. Then the classical limit φ of the distinguished uni-
tal sL∞-quasi-isomorphism φ in Theorem 1.1 is a distinguished unital sL∞-quasi-
isomorphism φ :
 
H, 1H , 0

//
 
C , 1C ,ℓ

. If we assume that H is a finite dimen-
sional Z-graded vector space, it follows that the deformation functor defined by the
Maurer–Cartan equation of the unital sL∞-algebra
 
C , 1C ,ℓ

is pro-representable
— by the completed symmetric algebra bS(H∗) of the dual vector space H∗ of H —
so that we can associate to it a based smooth formal super-moduli space, where the
homotopy type of a unital sL∞-quasi-isomorphism from H to C can be viewed as
affine coordinates. (See [15,1]). Therefore we can associate a based smooth formal
super-moduli space Mo to an anomaly-free binary QFT algebra with finite dimen-
sional classical cohomology H and equip this moduli space with distinguished affine
coordinates from the homotopy type of φ which we call quantum coordinates as they
came from a quantum structure.
The notion of quantum coordinates turns out to be closely related with that of special
coordinates in the moduli space of type IIB topological string theory [5,2,1] or the
flat coordinates in the moduli space of universal unfoldings of an isolated singularity
[18], which is a crucial concept in mirror symmetry. Moreover, the on-shell quantum
correlation algebra
 
H, 1H , m`

is equivalent to a formal Frobenius manifold without
the flat metric. That is, m` satisfies the Witten–Dijkraaf–Verlinde–Verlinde (WDDV)
equation [8,24].
Consider Theorem 1.1 and assume that H is a finite dimensional Z-graded vector
space over |. It is convenient to introduce homogeneous coordinates tH = {t
α} on H
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so that {∂α = ∂ /∂ t
α} form a homogeneous basis of H with the distinguished element
∂0 = 1H . Then we extend ∂α as a derivation on |[[tH ]]. From φ and π`, define
Θ :=
∞∑
n=1
1
n!
tαn · · · tα1φn
 
∂α1 , . . . ,∂αn

∈
 
C [[tH]]
0
[[ħh]],
T`
γ
:= tγ +
∞∑
n=2
1
n!(−ħh)n−1
tαn · · · tα1π`α1···αn
γ ∈ |[[tH]][[ħh
−1]],
where

π`α1···αn
γ
	
is the set of structure constants defined for the operators π`n as
π`n
 
∂α1 , . . . ,∂αn

= π`α1···αn
γ∂γ. Then, we have ∂0Θ = 1C and
Ke−
1
ħhΘ = 0⇐⇒ KΘ +
1
2!
ℓ2
 
Θ,Θ

+
1
3!
ℓ3
 
Θ,Θ,Θ

+ . . . = 0,
so that Θ is a universal solution to the Maurer–Cartan equation of the unital sL∞-
algebra
 
C [[ħh]], 1C , K , ℓ2, ℓ3, . . .

, corresponding to a distinguished choice of affine
coordinates on the associated Z-graded formal based moduli spaceMo with tangent
space H. We also have the generating function Zc of all quantum correlation func-
tions with respect to a quantum expectation c defined as follows:
Zc :=
¬
e−
1
ħhΘ
¶
c
= 1+
∞∑
n=1
1
n!(−ħh)n
tαn · · · tα1
¬
Πn(∂α1 , . . . ,∂αn)
¶
c
.
From the factorization property, we obtain the identity Zc = 1 −
1
ħh
T`
γ

f(∂γ)

c
so
that the quantum expectation values


f(∂γ)

c
	
and

T`
γ	
determine every quantum
correlation function.
Now the unital sL∞-quasi-isomorphism φ
0 being distinguished means that {T`
γ
} is a
formal power series in ħh−1 since π`n has at most degree n−2 polynomial dependence
on ħh. If we consider the structure constants

m`α1···αn
γ
	
of m` in Theorem 1.2, i.e.,
m`n
 
∂α1 , . . . ,∂αn

= m`α1···αn
γ∂γ, and define
A`αβ
γ = m`αβ
γ +
∞∑
n=1
1
n!
tρn · · · tρ1m`ρ1···ρnαβ
γ ∈ |[[tH]],
it can be checked that

T`
γ	
is the unique solution in formal power series in ħh−1 to
the following system of formal differential equations:
ħh∂α∂β T`
γ
+ A`αβ
ρ∂ρ T`
γ
= 0, ∂0 T`
γ
= δ0
γ −
1
ħh
T`
γ
,
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with the boundary conditions T`
γ
tH=0
= ∂β T`
γ
tH=0
− δβ
γ = 0, where δβ
γ denotes
the Kronecker delta. Finally, the properties of m`0 in Theorem 1.2 imply that

A`αβ
γ
	
satisfy the following relations:
– unity: A`0β
γ = δβ
γ,
– super-commutativity: A`αβ
γ = (−1)|t
α||tβ |A`βα
γ and ∂αA`βγ
σ = (−1)|t
α||tβ |∂β A`αγ
σ,
– associativity: A`αβ
ρA`ργ
σ = A`βγ
ρA`αρ
σ,
so that the triple
 
H⊗|[[tH]],∂0,∗

is a unital super-commutative associative algebra
over |[[tH]], where ∂α ∗ ∂β := A`αβ
γ∂γ.
The proof of our main theorems involves solutions to what we call the master equa-
tions for the families of quantum correlators at levels 0 and 1, where the family Π
of quantum correlators in Theorem 1.1 is the level 0 case. In the due course, it will
become clear that there should be a tower of quantum correlators for all levels, n≥ 0.
We shall need an another new and more versatile framework, beyond the scope of
this paper, to characterize this total structure. Here we will use the master equation
for level 1 quantum correlators as an auxiliary device in proving Theorems 1.2 and
1.3.
We will also define morphisms and homotopy types of morphisms of binary QFT
algebras to form the category BQFTA(|) and the homotopy category hoBQFTA(|) of
binary QFT algebras, and the (homotopy) category of BV-QFT algebras will arise as
a full subcategory of (ho)BQFTA(|).
A binary QFT algebra is both a topologically-free unital Z-graded commutative and
associative algebra over |[[ħh]] and a pointed and topologically-free cochain complex
over |[[ħh]] together with a set of ħh-compatibility conditions between the differen-
tial and the product as was mentioned before. A morphism of binary QFT algebras
is defined similarly as a pointed cochain map, satisfying a corresponding set of ħh-
compatibility conditions involving the products in the source and target binary QFT
algebras, so that the failure of being a algebra homomorphism is divisible by ħh and
the nth iterated failure is divisible by ħhn (the classical limit of a morphism of binary
QFT algebras is a morphism of unital CDGAs over |). These ħh-compatibility condi-
tions are crucial in organizing quantum correlations algebraically and can themselves
be assembled to give a functor K : BQFTA(|)   UsL∞(|[[ħh]]), called the quantum
descendant functor, to the category UsL∞(|[[ħh]]) of unital sL∞-algebras over |[[ħh]].
We define homotopy classes of morphisms of binary QFT algebras so that K is a ho-
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motopy functor, i.e., it induces a well-defined functor from the homotopy category
hoBQFTA(|) to the homotopy category hoUsL∞(|[[ħh]]) of unital sL∞-algebras.
An impetus for these definitions is to have the following:
Theorem 1.4. A homotopy equivalence of anomaly-free binary QFT algebras induces
an isomorphism of on-shell quantum correlation algebras and, in particular, sends a flat
structure to a flat structure.
We then define a binary QFT as a diagram C [[ħh]]BQFTA
c // |[[ħh]] in the category
BQFTA(|), where |[[ħh]] is regarded as a binary QFT algebra concentrated in degree
zero and is actually an initial object in the category. We call the binary QFT alge-
bra morphism c a strong quantum expectation, as it is not only a pointed cochain
map but also satisfies the ħh-compatibility condition between the products in C and
|. Namely, let K(c) = χ = χ1,χ2, . . ., then we have χ1 = c and (−ħh)χ2(x 1, x 2) =
χ1(x 1 · x 2)− χ1(x 1)χ1(x 2) etc. In particular, χ1(x 1) = c(x 1)≡ 〈x 1〉c is the quantum
expectation value of x 1 and (−ħh)χ2(x 1, x 2) = 〈x 1 · x2〉c−〈x1〉c〈x 2〉c is the covariance
between x 1 and x 2, which should be non-zero in general due to quantum correlations
but vanishes in the classical limit. We may call χ the family of quantum cumulants,
or the family of connected quantum correlation functions, measuring the strength
and depth of quantum correlations between and among events thought of as single-
tons, pairs, triples, and so on. The family of quantum cumulants has the structure
of a unital sL∞-morphism χ :
 
C [[ħh]], 1C , ℓ

¹¹Ë
 
|[[ħh]], 1,0

between the quan-
tum descendant unital sL∞-algebras. It is natural to declare that two binary QFTs
C [[ħh]]BQFTA
c // |[[ħh]] and C ′[[ħh]]BQFTA
c′ // |[[ħh]] are physically equivalent if
the following diagram in the category BQFTA(|) of binary QFT algebras is commu-
tative up to homotopy
C [[ħh]]BQFTA
c
&&▲
▲▲
▲▲
▲▲
▲▲
▲
f
// C ′[[ħh]]BQFTA
c′xxrr
rr
rr
rr
rr
|[[ħh]]
and f is a homotopy equivalence of binary QFT algebras — Physically equivalent
binary QFTs have isomorphic quantum correlation functions.
1.3. Organization
This paper is organized as follows:
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In Sect. 2, we define the (homotopy) category (ho)BQFTA(|) of binary QFT algebras
together with the homotopy functor K : BQFTA(|)  UsL∞(|[[ħh]]).
In Sect. 3, we define the notion of a homotopical family of quantum observables and
discuss several consequences of the definition. We show that homotopy equivalent
binary QFT algebras have isomorphic sets of homotopical families of quantum ob-
servables.
In Sect. 4, we study quantization of the classical off-to-on-shell retract and prove
an important technical lemma called homotopy ħh-divisibility. We also comment on
the dependence of quantization of classical observables on the data of the classical
off-to-on-shell retract.
In Sect. 5, we define the levels zero and one master equations for quantum correla-
tors and find canonical solutions without assuming the anomaly-free condition. This
section is the technical core of this paper
In Sect. 6, we specialize to the anomaly-free case, leading to Theorems 1.1, 1.2, 1.3
and 1.4 together with some physical interpretations. We further specialize to the case
that H is finite dimensional to discuss relationships between the universal algebraic
structure governing quantum correlations and the WDDV equation and some simple
but historically important examples.
We have a pedagogical Appendix on the theme of sL∞-algebras. The first part is a
self-contained review on the category and homotopy category of sL∞-algebras. The
second part is a sketch of the recipe for constructing a classical BVmaster action out of
a classical action incorporating both the complete tower of classical symmetries and
subsequent gauge fixing. The key point is that every notion in an off-shell formalism
for classical physics should be defined modulo the classical equation of motion and
that the concomitant coherence issues are naturally resolved using the language of
sL∞-morphisms.
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2. The homotopy category of binary QFT algebras
The main purpose of this section is to define the category BQFTA(|) and homotopy
category hoBQFTA(|) of binary QFT algebras over |. A BV-QFT algebra is a special
kind of binary QFT algebra and the category BV-QFTA(|) and homotopy category
hoBV-QFTA(|) category of BV QFT algebras shall be defined as full subcategories of
BQFTA(|) and hoBQFTA(|), respectively. We also consider briefly the (homotopy)
category (ho)BCFTA(|) of binary CFT algebras, where a binary CFT algebra appears
as as the combined classical limit of a binary QFT algebra and its quantum descen-
dant.4
2.1. Notation
Fix a ground field | of characteristic zero, usually R or C.
Let V be a Z-graded |-vector space. We shall call the Z-grading the ghost number and
denote it gh, i.e., we have a decomposition V =
⊕
j∈Z V
j and an element v ∈ V j is
said to have ghost number j = gh(v). We often use the notation (−1)|v| instead of
(−1)gh(v) for the parity ±1 of v as well as the notation J v = (−1)|v|v.
We use the notation ⊗ for the tensor product over |, the notation T nV for the nth
tensor power of V and the notation T (V ) =
⊕∞
n=1 T
nV for the reduced tensor mod-
ule generated by V . We use the notation ⊙ for the symmetric product over |, the
notation SnV for the nth symmetric power of V and the notation S(V ) =
⊕∞
n=1 S
nV
for the reduced symmetric module generated by V . Note that SnV is generated by
expressions {v1⊙ . . .⊙ vn} where v1, . . . , vn ∈ V are homogeneous elements in V up to
the equivalence relation that v1⊙ . . .⊙ vn = ε(σ)vσ(1) ⊙ . . .⊙ vσ(n) for all σ ∈ Permn,
where ε(σ) = ±1 is the Koszul sign determined by decomposing a permutation σ
of the ordered set [n] = {1,2, . . . ,n} as a composite of transpositions and applying
the (super)-commutativity of ⊙ (namely that v1 ⊙ v2 = (−1)
|v1||v2|v2 ⊙ v1). All these
modules have Z-gradings by ghost number induced from that of V .
We treat the Planck constant ħh as a formal parameter with gh(ħh) = 0. A Z-graded
|[[ħh]]-module V =
⊕
j∈Z V
j is topologically free if it is isomorphic to V [[ħh]] =
4 The acronyms QFT and CFT stand wishfully for Q(uantum) F(ield) T(heory) and C(lassical) F(ield)
T(heory), respectively.
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j∈Z V
j[[ħh]], where V is a Z-graded |-vector space and
V j[[ħh]] :=
¨∑
n≥0
ħhnv(n)
v(n) ∈ V j« .
The completed tensor product V⊗W of V ⊗|[[ħh]] W , where V and W are |[[ħh]]-
modules, is defined to be the inverse limit lim
←−
 
V ⊗|[[ħh]] W

/ħhn ·
 
V ⊗|[[ħh]] W

. The
corresponding completed symmetric product is denoted by V⊙W . If V ∼= V [[ħh]] and
W ∼= W [[ħh]] are topologically free, then both V⊗W and V⊙W are also topolog-
ically free: we have V⊗W ∼= (V ⊗W )[[ħh]] and V⊙W ∼= (V ⊙W )[[ħh]]. Therefore
we use the notation T nV [[ħh]] for
n︷ ︸︸ ︷
V [[ħh]]⊗ . . .⊗V [[ħh]], and the notation SnV [[ħh]] for
n︷ ︸︸ ︷
V [[ħh]]⊙ . . .⊙V [[ħh]], etc.
The space of |-linear maps between Z-graded vector spaces V and W is denoted by
Hom
 
V,W

=
⊕
j∈ZHom
 
V,W ) j , where Hom
 
V,W
 j
is the space of |-linear maps
increasing the ghost number by j. Let β = β (0) + ħhβ (1) + ħh2β (2) + · · · be a fam-
ily parametrized by ħh, with β (n) ∈ Hom(V,W ) j. Then β determines a |[[ħh]]-linear
map, denoted by the same symbol, between the topologically-free modules V [[ħh]]
and W [[ħh]] increasing the ghost number by j by ħh-adic continuity: for all v = v(0) +
ħhv(1) + . . . ∈ V [[ħh]] we have
β(v) =
∞∑
n=0
ħhn
n∑
i=0
β (n−i)
 
v(i)

,
and the converse is also true. In other words, a |[[ħh]]-linear map β : V [[ħh]]→W [[ħh]]
is determined by its restriction to V . Accordingly, the space of all |[[ħh]]-linear maps
from V [[ħh]] to W [[ħh]] will be denoted by
Hom(V,W )[[ħh]] =
⊕
j∈Z
Hom(V,W ) j[[ħh]].
The projection β (0) of β ∈ Hom(V,W )[[ħh]] to Hom(V,W ) is said to be the classical
limit of β, and we often us β as shorthand notation for β (0). Composition of β ∈
Hom(U ,V ) j[[ħh]] and γ ∈ Hom(V,W )k[[ħh]] is defined in a similar fashion:
γ ◦ β=
∞∑
n=0
ħhn
n∑
i=0
γ(n−i) ◦β (i) ∈ Hom
 
U ,W
 j+k
[[ħh]].
We often use the notation βn(v1, . . . , v n) in place of either βn(v1⊗ . . .⊗v n) for βn ∈
Hom(T nV,W )[[ħh]], or βn(v1⊙ . . .⊙v n) for βn ∈ Hom(S
nV,W )[[ħh]]. It is obvious that
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a family β = β1,β2, . . . of βn ∈ Hom
 
SnV,W
 j
[[ħh]] for n ≥ 1 determine uniquely
a β ∈ Hom
 
S(V ),W
 j
[[ħh]] and vice versa such that βn = β ◦ ebSnV [[ħh]], for all n ≥ 1,
where ebSnV [[ħh]] : S
nV [[ħh]]→ S(V )[[ħh]] is the natural embedding. We use the notation
β and β interchangeably.
We shall denote an element of V [[ħh]] by a bold letter, i.e., v ∈ V [[ħh]], and an element
of V by an italic letter, i.e., x ∈ V , and will write the formal power series expansion
of v ∈ V [[ħh]] as v = v(0)+ħhv(1)+ħh2v(2)+ · · · . We shall often denote v(0) by v and say
that v is the classical limit of v.
A partition of the ordered set [n] = {1,2, . . . ,n} is a decomposition p = B1 ⊔ B2 ⊔
· · · ⊔ B|p| into pairwise disjoint and non-empty subsets Bi called blocks. We denote
the number of blocks in the partition p by |p| and the size of a block B by |B|. We
shall use the strictly ordered representation for a partition. That is, blocks are ordered
by the maximum element of each block and each block is ordered via the ordering
induced from the natural numbers. We denote the set of all partitions of [n] by P(n).
For example, we have P(1) = {1}, P(2) = {1,2}, {1} ⊔ {2} and
P(3) = {1,2,3}, {1,2} ⊔ {3}, {2} ⊔ {1,3}, {1} ⊔ {2,3}, {1} ⊔ {2} ⊔ {3}.
For k, k′ in [n], we use the notation k ∼p k
′ if both k and k′ belong to the same block in
the partition p and the notation k ≁p k
′ otherwise. For a given set of n homogeneous
elements v1, . . . , v n ∈ V [[ħh]], the Koszul sign ǫ(p) for a partition p = B1 ⊔ · · · ⊔ B|p| ∈
P(n)means the Koszul sign ǫ(σ) associated with the permutation σ ∈ Permn, i.e. the
unique permuation σ that satisfies the equation
vB1⊗vB2⊗ . . .⊗vB|p| = vσ(1)⊗vσ(2)⊗ . . .⊗vσ(n),
where vB = v j1⊗v j2⊗ . . .⊗v j|B| if B =

j1, j2, · · · , j|B|
	
. For a family β = β1,β2, . . . of
βn ∈ Hom
 
SnV,W
 j
, for all n≥ 1, and a block B = { j1, . . . , jr} of a partition p ∈ P(n),
the notation β
 
vB

is taken to mean βr
 
v j1 , . . . , v jr

.
2.2. Binary QFT algebras
Let C be a Z-graded vector space over |. A structure of a binary QFT algebra on C
will consist of the structure of a QFT complex and the structure of a unital super-
commutative and associative algebra satisfying an ħh-compatibility condition.
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Definition 2.1. The structure of a QFT complex on C is a tuple
 
C [[ħh]], 1C , K

, where
1C ∈ C
0 and K = K(0) + ħhK(1) + ħh2K(2) + . . . ∈ Hom(C ,C )1[[ħh]], with the properties
that K1C = K ◦ K = 0 and 1C 6= K
(0)x for all x ∈ C .
We remark that the conditions K1C = K ◦ K = 0 are equivalent to the set of con-
ditions that K(n)1C =
∑n
j=0K
( j) ◦ K(n− j) = 0 for all n ≥ 0, and the condition that
1C 6= K
(0)x for all x ∈ C implies that 1C 6= K x for all x ∈ C [[ħh]] — hence the
K-cohomology class of 1C is non-trivial. We shall usually denote K
(0) by K , so that
K ∈ Hom
 
C ,C
1
and K ◦ K = K1C = 0. Therefore, the tuple (C , 1C ,K) is a pointed
cochain complex over | such that the K-cohomology class of the cocycle 1C is non-
trivial. We call
 
C , 1C ,K

the classical limit of the QFT complex
 
C [[ħh]], 1C , K

.
In the geometrical picture of the BV quantization scheme, the classical limit K of K
corresponds to an odd nilpotent vector field on the space of all fields and anti-fields
whose vanishing locus in the space of all classical fields is the solution space of the
classical (on-shell) equations of motion. Then the K-cohomology is the space of func-
tions on this on-shell motion space modulo classical symmetry (the space of classical
observables modulo classical equivalence). This motivates the following definition.
Definition 2.2. A QFT complex is on-shell if the differential vanishes in the classical
limit.
A unital Z-graded commutative associative algebra onC is a tuple
 
C , 1C , ·

, where
1C ∈ C
0 and · is a |-bilinear product onC , so that we have gh(x · y) = gh(x)+gh(y),
x ·1C = x , x · y = (−1)
|x ||y| y · x and x ·(y ·z) = (x · y)·z for all homogeneous elements
x , y, z ∈ C . Then, we have the canonical structure
 
C [[ħh]], 1C , ·

of a unital Z-
graded commutative associative algebra over |[[ħh]] on the topologically-free module
C [[ħh]]with the product x ·y :=
∑∞
n=0 ħh
n
∑n
i=0 x
(i)· y(n−i) for all x = x (0)+ħhx (1)+. . . ∈
C [[ħh]] and y = y(0) + ħhy(1) + . . . ∈ C [[ħh]].
Definition 2.3. A QFT complex
 
C [[ħh]], 1C , · , K

structure on C is ħh-compatible with
a unital Z-graded commutative associative algebra structure
 
C , 1C , ·

if the family
ℓ = ℓ1, ℓ2, . . . defined recursively for all n ≥ 1 and homogeneous x 1, . . . , x n ∈ C [[ħh]]
via the equation
K
 
x 1 · · · x n

=
∑
p∈P(n)
|Bi |=n−|p|+1
(−ħh)n−|p|ε(p)Jx B1 · . . . · Jx Bi−1 · ℓ(x Bi ) · x Bi+1 · . . . · x B|p| , (2.1)
has the property that ℓn ∈ Hom(S
nC ,C )1[[ħh]] for all n ≥ 1 (a priori there should be
negative powers of ħh). Then,
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– we call the tuple C [[ħh]]BQFTA :=
 
C [[ħh]], 1C , · , K

a binary QFT algebra structure
on C , and
– we call the tuple K(C [[ħh]]BQFTA) :=
 
C [[ħh]], 1C , ℓ

the quantum descendant of the
binary QFT algebra C [[ħh]]BQFTA.
Remark 2.1. Note that the recursive formula eq. (2.1) for the family ℓ can be rewritten
as follows:
(−ħh)n−1ℓn(x 1, . . . , x n) =K
 
x1 · . . . · x n

−
∑
p∈P(n)
|Bi |=n−|p|+1
|p|6=1
(−ħh)n−|p|ǫ(p) Jx B1 · . . . · Jx Bi−1 · ℓ(x Bi ) · x Bi+1 · . . . · x B|p| ,
where the right-hand-side of the above depends only on ℓ1, . . . , ℓn−1. Therefore, the
formula determine the family ℓ uniquely. Note also that the condition |Bi| = n−|p|+1
implies that the blocks B1, . . . ,Bi−1,Bi+1, . . . ,B|p| are singletons. For example, we have
ℓ1 = K and
(−ħh)ℓ2(x 1, x 2) = K(x 1 · x 2)− K x 1 · x 2 − Jx 1 · K x 2,
(−ħh)2ℓ3(x 1, x 2, x 3) = K(x 1 · x 2 · x3)− K x 1 · x2 · x 3 − Jx 1 · K x 2 · x 3 − Jx 1 · Jx 2 · K x 3
− (−ħh)
 
ℓ2(x 1, x 2) · x 3 + Jx 1 · ℓ2(x 2, x 3) + (−1)
|x 1||x2|Jx 2 · ℓ2(x 1, x 3)

.
Again, without imposing any compatibility, the definition of ℓ would only imply that
(−ħh)n−1ℓn was in Hom(S
nC ,C )1[[ħh]]. The ħh-compatibility condition requires that in
fact ℓn is in Hom(S
nC ,C )1[[ħh]] for all n ≥ 1, imposing a set of non-trivial relations
between the product · and the differential K . ♮
Lemma 2.1. The quantum descendant K(C [[ħh]]BQFTA) =
 
C [[ħh]], 1C , ℓ

of a binary
QFT algebra C [[ħh]]BQFTA is a topologically-free unital sL∞-algebra over |[[ħh]], i.e., for
all n ≥ 1 and homogeneous x 1, . . . , x n ∈ C [[ħh]], we have ℓn ∈ Hom(S
nC ,C )1[[ħh]]
and
ℓn
 
x 1, . . . , x n−1, 1C

= 0,
∑
|p|∈P(n)
|Bi |=n−|p|+1
ǫ(p) ℓ|p|

Jx B1 , . . . , Jx Bi−1 , ℓ(x Bi ), x Bi+1 , . . . , x B|p|

= 0.
(2.2)
Proof. By definition, we have ℓn ∈ Hom
 
SnC ,C
1
[[ħh]] for all n ≥ 1. Since ℓ1 = K
and K1C = 0, we have ℓ1(1C ) = 0. It can be checked that ℓn
 
x 1, . . . , x n−1, 1C

= 0
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for all n ≥ 1 and x 1, . . . , x n ∈ C [[ħh]] by an easy induction. It remains to show the
second set of relations in eq. (2.2).
From the family ℓ = ℓ1, ℓ2, . . . of ℓn ∈ Hom(S
nC ,C )1[[ħh]], we define a |[[ħh]]-linear
operator δℓ : S(C )[[ħh]] → S(C )[[ħh]] with gh
 
δℓ

= 1 by defining, for all n ≥ 1 and
homogeneous x 1, . . . , x n ∈ C [[ħh]],
δℓ(x 1⊙ . . .⊙x n) :=∑
p∈P(n)
|Bi |=n−|p|+1
(−ħh)n−|p|ǫ(p) Jx B1⊙ . . .⊙Jx Bi−1⊙ℓ(x Bi )⊙x Bi+1⊙ . . .⊙x B|p| . (2.3)
It is straightforward to check that for all n≥ 1 and homogeneous x 1, . . . , x n ∈ C [[ħh]],
prC [[ħh]] ◦ δℓ ◦ δℓ(x 1⊙ . . .⊙x n)
=(−ħh)n−1
∑
|p|∈P(n)
|Bi |=n−|p|+1
ǫ(p)ℓ|p|

Jx B1 , . . . , Jx Bi−1 , ℓ(x Bi ), x Bi+1 , . . . , x B|p|

. (2.4)
Therefore, all that remains is to establish that prC [[ħh]] ◦δℓ ◦ δℓ = 0.
From the Z-graded commutative and associative product · of C [[ħh]]BQFTA, we define
an operator π ∈ Hom
 
S(C ),C
0
[[ħh]] for all n≥ 1 and x 1, . . . , x n ∈ C [[ħh]] as
π
 
x 1⊙ . . .⊙x n

:= x 1 · . . . · x n. (2.5)
Let πn := π ◦ ebSnC [[ħh]], for all n ≥ 1. We note that π1 = IC [[ħh]], the identity map on
C [[ħh]].
Now the set of relations in eq. (2.1) defining the family ℓ can be rewritten as follows:
K ◦π= π ◦ δℓ, (2.6)
which implies that π ◦δℓ ◦δℓ = 0, since (π ◦δℓ)◦δℓ = K ◦ (π ◦δℓ) = (K ◦ K)◦π and
K ◦ K = 0. From π1 = IC [[ħh]], we conclude that prC [[ħh]] ◦δℓ ◦ δℓ = 0. ♮
Remark 2.2. Consider the reduced symmetric coalgebra Sco(C ) =
 
S(C )[[ħh]],Î

co-
generated by C (see Appendix A.3.) The |-linear coproduct
Î : S(C )→ S(C )⊗ S(C )
uniquely induces a |[[ħh]]-linear coproduct, denoted by the same symbol,
Î : S(C )[[ħh]]→ S(C )[[ħh]]⊗S(C )[[ħh]]
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by ħh-adic continuity so that Sco(C )[[ħh]] =
 
S(C )[[ħh]],Î

is a (topologically-free) Z-
graded cocommutative coalgebra over |[[ħh]].
Define ℓ˘ ∈ Hom
 
S(C ),C
1
[[ħh]] as ℓ˘n := (−ħh)
n−1ℓn, where ℓ˘◦ebSnC [[ħh]]. Consider the
unique extension D(ℓ˘) of ℓ˘ as a coderivation on Sco(C )[[ħh]]: we have, for all n ≥ 1
and homogeneous x 1, . . . , x n ∈ C [[ħh]],
D(ℓ˘)(x 1⊙ . . .⊙x n) =
∑
p∈P(n)
|Bi |=n−|p|+1
ǫ(p) Jx B1⊙ . . .⊙Jx Bi−1⊙ℓ˘(x Bi )⊙x Bi+1⊙ . . .⊙x B|p| .
(See Lemma A.5 in Appendix A.3.) We note that δℓ = D(ℓ˘). Also note that the con-
dition prC [[ħh]] ◦D(ℓ˘) ◦D(ℓ˘) = 0 actually implies that D(ℓ˘) ◦D(ℓ˘) = 0. Therefore, we
have δℓ ◦ δℓ = 0. ♮
Example 2.1. The ground field | has the obvious structure
 
|[[ħh]], 1, ·, 0

of a binary
QFT algebra, denoted by |[[ħh]], with the zero differential 0. The quantum descendant
of this binary QFT algebra is the unital sL∞-algebra
 
|[[ħh]], 1,0

, i.e., the zero sL∞-
structure 0 on |[[ħh]].
Definition 2.4. A binary QFT algebra
 
C [[ħh]], 1C , · , K

is a BV-QFT algebra if the
quantum descendant
 
C [[ħh]], 1C , ℓ

is a unital sDGLA, i.e., ℓn = 0 for all n ≥ 3, and
ℓ2 does not depend on ħh, i.e., ℓ2 = ℓ
(0)
2 = ( , )BV ∈ Hom
 
S2C ,C
1
.
Fix a binary QFT algebra
 
C [[ħh]], 1C , · , K

and let

C [[ħh]], 1C , ℓ

be its quantum
descendant unital sL∞-algebra. It is straightforward to check the following lemmas:
Lemma 2.2. For any γ ∈ C [[ħh]] and nilpotent ϑ ∈ C 0[[ħh]], we have
K

γ · e−
1
ħhϑ

=

Kγ+
∞∑
n=2
1
(n− 1)!
ℓn
 
ϑ, . . . ,ϑ,γ

· e−
1
ħh θ
−
1
ħh

Kϑ+
∞∑
n=2
1
n!
ℓn
 
ϑ, . . . ,ϑ

· γ · e−
1
ħh θ ,
where e−
1
ħhϑ := 1C −
1
ħh
ϑ+
1
2!ħh2
ϑ ·ϑ−
1
3!ħh3
ϑ ·ϑ ·ϑ+ . . . ∈ C ((ħh))0.
Lemma 2.3. We have ℓ1 = K and, for all n≥ 2 and homogeneous x 1, . . . , x n ∈ C [[ħh]],
−ħhℓn
 
x 1, . . . , x n

=ℓn−1
 
x 1, . . . , x n−2, x n−1 · x n

− ℓn−1
 
x 1, . . . , x n−2, x n−1

· x n
− (−1)|x n−1|(|x 1|+...+|x n−2|)Jx n−1 · ℓn−1
 
x 1, . . . , x n−2, x n

,
so that the failure of ℓn being a derivation of the product is divisible by ħh.
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2.3. Morphisms of binary QFT algebras
A morphism of binary QFT algebras will be defined as a morphism of the underlying
QFT complexes satisfying a ħh-compatibility condition.
Definition 2.5. Let
 
C [[ħh]], 1C , K

and
 
C ′[[ħh]], 1C ′ , K
′

be QFT complexes. A mor-
phism between them is a map f= f(0)+ħhf(1)+ħh2f(2)+. . . ∈ Hom
 
C ,C ′
0
[[ħh]] satisfying
the conditions f(1C ) = 1C ′ and K
′ ◦f= f◦ K . A morphism of QFT complexes is a quasi-
isomorphism if it induces an isomorphism of |[[ħh]]-modules on cohomology.
Remark 2.3. A QFT complex is a pointed cochain complex on a topologically-free
|[[ħh]]-module. The cohomology of a QFT complex is a |[[ħh]]-module but not neces-
sarily a topologically-free |[[ħh]]-module. The classical limit f(0) ∈ Hom
 
C ,C ′
0
of a
morphism f of QFT complexes is a pointed cochain map between the pointed cochain
complexes
 
C , 1C ,K

and
 
C ′, 1C ′ ,K
′

, i.e., f (1C ) = 1C ′ and K
′ ◦ f(0) = f(0) ◦K , and
f(0) is a quasi-isomorphism whenever f is a quasi-isomorphism. ♮
Consider binary QFT algebras C [[ħh]]BQFTA = (C [[ħh]], 1C , · , K) and C
′[[ħh]]BQFTA = 
C ′[[ħh]], 1C ′ , ·
′ , K ′

.
Definition 2.6. A morphism of QFT complexes f :
 
C [[ħh]], 1C , K

→
 
C ′[[ħh]], 1C ′ , K
′

is ħh-compatible (with the products) up to homotopy if the family ψf = ψf1,ψ
f
2, . . . de-
fined recursively for all n ≥ 1 and homogeneous elements by the equation x 1, . . . , x n ∈
C [[ħh]],
f
 
x 1 · . . . · x n

=
∑
p∈P(n)
(−ħh)n−|p|ε(p)ψf
 
x B1

·′ . . . ·′ψf
 
x B|p|

,
has the property that ψf
n
∈ Hom
 
SnC ,C ′
0
[[ħh]] for all n≥ 1 (a priori it should have a
negative power of [[ħh]]). Then,
– we call f amorphism of binary QFT algebras from C [[ħh]]BQFTA toC
′[[ħh]]BQFTA, and
– we call the family ψf the quantum descendant of (f), and denote it by K(f) =ψf.
Remark 2.4. We shall usually denoteψf byψ when the context is clear. The recursive
formula for ψ=K(f) in the above definition can be rewritten as follows:
(−ħh)n−1ψn(x 1, . . . , x n) = f
 
x 1 · . . . · x n

−
∑
p∈P(n)
|p|6=1
(−ħh)n−|p|ε(p)ψ
 
x B1

·′ . . . ·′ψ
 
x B|p|

,
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where the right hand side of the equation above depends only onψ1, . . . ,ψn−1. There-
fore, the formula determines the familyψ uniquely. For example, we haveψ1 = f and
(−ħh)ψ2(x 1, x 2) =ψ1(x 1 · x 2)−ψ1(x 1) ·
′ψ1(x 2),
(−ħh)2ψ3(x 1, x 2, x 3) =ψ1(x 1 · x 2 · x 3)−ψ1(x 1) ·
′ψ1(x 2) ·
′ψ1(x 3)
− (−ħh)(ψ1(x 1) ·
′ψ2(x 2, x 3) + (−1)
|x 1||x 2|ψ1(x 2) ·
′ψ2(x 1, x 3)
+ψ2(x 1, x 2) ·
′ψ1(x 3))
Again, it is only a priori true that (−ħh)n−1ψn ∈ Hom
 
SnC ,C ′
0
[[ħh]], while the ħh-
compatibility condition imposes the further demand that ψn ∈ Hom
 
SnC ,C ′
0
[[ħh]]
for all n≥ 1 imposing a set of non-trivial restrictions on f. ♮
Let
 
C [[ħh]], 1C , ℓ

=K
 
C [[ħh]]BQFTA

and
 
C ′[[ħh]], 1C ′ , ℓ
′

=K
 
C ′[[ħh]]BQFTA

be the
quantum descendants, which are unital sL∞-algebras by Lemma 2.1.
Lemma 2.4. The quantum descendant ψ = K(f) of a binary QFT algebra morphism
C [[ħh]]BQFTA
f
// C ′[[ħh]]BQFTA is a morphism of the descendant unital sL∞-algebras 
C [[ħh]], 1C , ℓ
 ψ
//
 
C ′[[ħh]], 1C ′ , ℓ
′

. That is, for all n ≥ 1 and homogeneous ele-
ments x 1, . . . , x n ∈ C [[ħh]], we have ψn ∈ Hom
 
SnC ,C ′
0
[[ħh]] and
ψn(x 1, . . . , x n−1, 1C )− 1C ′ ·δn,1 = 0,
∑
|p|∈P(n)
ǫ(p)ℓ′|p|

ψ
 
x B1

, . . . ,ψ
 
x B|p|

−
∑
|p|∈P(n)
|Bi |=n−|p|+1
ǫ(p)ψ|p|

Jx B1 , . . . , Jx Bi−1 , ℓ
 
x Bi

, x Bi+1 , . . . , x B|p|

= 0.
(2.7)
Proof. By definition, ψn ∈ Hom
 
SnC ,C ′
0
[[ħh]] for all n≥ 1. We have ψ1(1C ) = 1C ′
sinceψ1 = f and f(1C ) = 1C ′ . It can be checked thatψn
 
x 1, . . . , x n−1, 1C ) = 0 for all
n ≥ 2 by a straightforward induction. It remains to show the second set of relations
in eq. (2.7).
From the familyψ, we define a |[[ħh]]-linear map Ψψ ∈ Hom
 
S(C ),S(C ′)
0
[[ħh]] such
that, for all n≥ 1 and homogeneous x 1, . . . , x n ∈ C [[ħh]],
Ψψ(x 1⊙ . . .⊙x n) :=
∑
p∈P(n)
(−ħh)n−|p|ǫ(p)ψ
 
x B1

⊙ . . .⊙ψ
 
x B|p|

. (2.8)
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Consider the pair of |[[ħh]]-linear operators δℓ : S(C )[[ħh]] → S(C )[[ħh]] and δℓ′ :
S(C ′)[[ħh]] → S(C ′)[[ħh]] associated with ℓ and ℓ′, respectively (See eq. (2.3)). It is
straightforward see that, for all n≥ 1 and homogeneous x 1, . . . , x n ∈ C [[ħh]],
prC ′[[ħh]] ◦
 
δℓ′ ◦Ψψ −Ψψ ◦ δℓ
 
x 1⊙ . . .⊙x n

=(−ħh)n−1
∑
|p|∈P(n)
ǫ(p) ℓ′|p|

ψ
 
x B1

, . . . ,ψ
 
x B|p|

− (−ħh)n−1
∑
|p|∈P(n)
|Bi |=n−|p|+1
ǫ(p)ψ|p|

Jx B1 , . . . , Jx Bi−1 , ℓ
 
x Bi

, x Bi+1 , . . . , x B|p|

.
(2.9)
Comparing the above with the desired relations in eq. (2.2), all that remains is to
establish that prC ′[[ħh]] ◦
 
δℓ′ ◦Ψψ −Ψψ ◦ δℓ

= 0.
Define π ∈ Hom
 
S(C ),C
0
[[ħh]] and π′ ∈ Hom
 
S(C ′),C ′
0
[[ħh]] as follows:
π
 
x 1 ⊙ . . .⊙ x n

:= x 1 · . . . · x n for all n≥ 1 and x 1, . . . , x n ∈ C [[ħh]],
π′
 
x ′1 ⊙ . . .⊙ x
′
n

:= x ′1 ·
′ . . . ·′ x ′n for all n≥ 1 and x
′
1, . . . , x
′
n ∈ C
′[[ħh]].
Then, from the definition of the quantum descendant algebra, we have the following
relations: (See eq. (2.6) and Remark 2.2.)
K ◦π= π ◦ δℓ, K
′ ◦π′ = π′ ◦ δℓ′ , δℓ ◦ δℓ = δℓ′ ◦ δℓ′ = 0. (2.10)
Now we note that the system of equations for the quantum descendant ψ = K(f) in
Definition 2.6 can be rewritten as follows:
f ◦π= π′ ◦ Ψψ. (2.11)
Applying K ′ to the above, we obtain that
K
′ ◦ f ◦π= K ′ ◦π′ ◦Ψψ (2.12)
whose left-hand side is 
K
′ ◦ f

◦π= f ◦
 
K ◦π

=
 
f ◦π

◦ δℓ = π
′ ◦ Ψψ ◦ δℓ,
and whose right-hand side is 
K
′ ◦π′

◦ Ψψ − K
′ ◦η ◦ δℓ = π
′ ◦ δℓ′ ◦Ψψ.
Therefore, the equality in eq. (2.12) reduces to π′ ◦
 
δℓ′ ◦ Ψψ − Ψψ ◦ δℓ

= 0. From
π′ ◦ ebC ′[[ħh]] = IC ′[[ħh]], we conclude that prC ′[[ħh]] ◦
 
δℓ′ ◦ Ψψ −Ψψ ◦ δℓ

= 0. ♮
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Remark 2.5. Consider the topologically-free reduced symmetric coalgebras Sco(C )[[ħh]]
and Sco(C ′)[[ħh]]. Define ψ˘ ∈ Hom
 
S(C ),C ′
0
[[ħh]] as ψ˘n := (−ħh)
n−1ψn, where
ψ˘ ◦ ebSnC [[ħh]]. Consider the unique extension F(ψ˘) of ψ˘ as a coalgebra map from
Sco(C )[[ħh]] to Sco(C ′)[[ħh]]: we have, for all n ≥ 1 and homogeneous x 1, . . . , x n ∈
C [[ħh]],
F(ψ˘)(x 1⊙ . . .⊙x n) =
∑
p∈P(n)
ǫ(p) ψ˘
 
x B1

⊙ . . .⊙ψ˘
 
x B|p|

,
and prC ′[[ħh]] ◦F(ψ˘) = ψ˘. (See Lemma A.6 in Appendix A.3.) We note that Ψψ = F(ψ˘).
Also note that the condition prC ′[[ħh]] ◦

D(ℓ˘
′
) ◦F(ψ˘)− F(ψ˘) ◦D(ℓ˘)

= 0 actually im-
plies that D(ℓ˘
′
) ◦ F(ψ˘) − F(ψ˘) ◦D(ℓ˘) = 0. Therefore, we have δℓ′ ◦ Ψψ = Ψψ ◦ δℓ.
♮
Definition 2.7. A morphism f of binary QFT algebras is a quasi-isomorphism if f is a
quasi-isomorphism as a morphism of underlying QFT complexes.
Recall that a unital sL∞-morphism ψ =ψ1,ψ2, . . . is a quasi-isomorphism if ψ1 is a
quasi-isomorphism of the underlying pointed cochain complexes and that ψ1 = f if
ψ=K(f) is the quantum descendant of a binary QFT algebra morphism f. Therefore,
the quantum descendant of a binary QFT algebra quasi-isomorphism is a unital sL∞-
quasi-isomorphism.
Theorem 2.1. The composition f′ ◦ f of consecutive morphisms of binary QFT algebras
C [[ħh]]BQFTA
f
// C ′[[ħh]]BQFTA
f′′
// C ′[[ħh]]BQFTA as pointed cochain maps is a mor-
phism of binary QFT algebras C [[ħh]]BQFTA
f′′◦f
// C ′[[ħh]]BQFTA . Moreover,
– equipped with morphisms of binary QFT algebras and this composition, binary QFT
algebras over | form a category BQFTA(|), and
– the assignment to each binary QFT algebra its quantum descendant algebra and to
eachmorphism of binary QFT algebras its quantum descendantmorphism is a functor
K : BQFTA(|)  UsL∞(|[[ħh]])
from the category BQFTA(|) of binary QFT algebras to the category UsL∞(|[[ħh]])
of unital sL∞-algebras.
Proof. It is obvious that f′ ◦ f is a pointed cochain map from C [[ħh]] to C ′′[[ħh]]. It
remains to show that f′ ◦ f also satisfies the |-compatibility condition and that the
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quantum descendant K(f′ ◦ f) of f′ ◦ f is the composition K(f′) •K(f) of the quantum
descendants K(f) of f and K(f) of f′ as morphisms of unital sL∞-algebras.
Let
 
C [[ħh]], 1C , ℓ

,
 
C ′[[ħh]], 1C ′ , ℓ
′

and
 
C [[ħh]], 1C ′′ , ℓ
′′

be the quantum descen-
dants of C [[ħh]]BQFTA, C [[ħh]]BQFTA and C [[ħh]]BQFTA, respectively. By hypothesis, we
have the following unital sL∞-morphisms between quantum descendant algebras:
ψf := K
 
f

:
 
C [[ħh]], 1C , ℓ

//
 
C ′[[ħh]], 1C ′ , ℓ
′

,
ψf
′
:= K
 
f′

:
 
C ′[[ħh]], 1C ′ , ℓ
′

//
 
C ′[[ħh]], 1C ′′ , ℓ
′′

,
where
f ◦π= π′ ◦Ψψf , f
′ ◦π′ = π′′ ◦Ψψf′ . (2.13)
Applying f′ to the first identity above and using the second identity, we have f′◦f◦π =
f′ ◦π′ ◦Ψψf = π
′′ ◦Ψψf′ ◦Ψψf . Therefore we obtain
(f′ ◦ f) ◦π= π′′ ◦Ψψf′ ◦ Ψψf . (2.14)
Recall that the composition ψf
′
•ψf of the unital sL∞-morphisms ψ
f′ and ψf is de-
fined for all n≥ 1 and homogeneous x 1, . . . , x n ∈ C [[ħh]], via
(ψf
′
•ψf

(x 1⊙. . .⊙x n) ≡
 
ψf
′
•ψf

n
(x 1, . . . , x n) =
∑
p∈P(n)
ǫ(p)ψf
′
|p|
 
ψf(x B1), . . . ,ψ(x B|p|)

,
and ψf
′
•ψf :
 
C [[ħh]], 1C , ℓ
  
C ′′[[ħh]], 1C ′′ , ℓ
′′

is a unital sL∞-morphism. In
particular, we have
 
ψf
′
•ψf

n
∈ Hom
 
SnC ,C ′′
0
[[ħh]] for all n≥ 1.
Claim. We have the identity Ψψf′ ◦ Ψψf = Ψψf′•ψf .
Proof. Define ψ˘f ∈ Hom
 
S(C ),C ′
0
[[ħh]] and ψ˘f
′
∈ Hom
 
S(C ′),C ′′
0
[[ħh]] so that
ψ˘fn = (−ħh)
n−1ψfn and ψ˘
f′
n = (−ħh)
n−1ψf
′
n for all n ≥ 1. Consider the unique coalgebra
maps F
 
ψ˘

: Sco(C )[[ħh]] → Sco(C ′)[[ħh]] and F
 
ψ˘′

: Sco(C ′)[[ħh]] → Sco(C ′′)[[ħh]]
determined by ψ˘f and ψ˘f
′
, respectively. Then, we have F
 
ψ˘f
′
◦F
 
ψ˘f
′
= F
 
ψ˘f
′
• ψ˘f

— see Lemma A.7 in Appendix A.3. From Remark 2.5, we have Ψψf = F
 
ψ˘f
′
and
Ψψf′ = F
 
ψ˘f
′
. We note that
(ψ˘f
′
• ψ˘f

(x 1 ⊙ . . .⊙ x n) =
∑
p∈P(n)
ǫ(p) ψ˘f
′
|p|

ψ˘f(x B1), . . . , ψ˘
f(x B|p|)

= (−ħh)n−1
∑
p∈P(n)
ǫ(p)ψf
′
|p|

ψf(x B1), . . . ,ψ
f(x B|p|)

.
It follows that ψ˘f
′
• ψ˘f = ˘(ψf′ •ψf), which implies that Ψψf′ ◦Ψψf = Ψψf′•ψf . ♮
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Therefore, eq. (2.14) is equivalent to the the identity (f′ ◦f)◦π = π′′ ◦Ψψf′•ψf′ , which
implies that f′ ◦ f :C [[ħh]]BQFTA →C
′[[ħh]]BQFTA is a morphism of binary QFT algebras
whose quantum descendant ψf
′◦f is ψf
′
•ψf, i.e.,
K
 
f′ ◦ f

= K
 
f′

•K
 
f

. (2.15)
It is trivial that IC [[ħh]] : C [[ħh]]BQFTA → C [[ħh]]BQFTA is the identity morphism for ev-
ery binary QFT algebra C [[ħh]]BQFTA, and that its quantum descendant is the identity
morphism on the quantum descendant unital sL∞-algebra. ♮
A morphism of binary QFT algebras has some easily checkable but illuminating prop-
erties summarized by the following two lemmas.
Let C [[ħh]]BQFTA
f
// C ′[[ħh]]BQFTA be a morphism of binary QFT algebras whose
quantum descendant is
 
C [[ħh]], 1C , ℓ
 ψ
//
 
C ′[[ħh]], 1C ′ , ℓ
′

. Then,
Lemma 2.5. For any γ ∈ C [[ħh]] and nilpotent θ ∈ C 0[[ħh]], there are γ′ ∈ C ′[[ħh]] and
θ ′ ∈ C ′0[[ħh]] given by
γ′ =ψ1(γ) +
∞∑
n=1
1
n!
ψn+1
 
γ,θ, . . . ,θ

, θ ′ =
∞∑
n=1
1
n!
ψn
 
θ, . . . ,θ

such that f

γ · e−
1
ħh θ

= γ′ · e−
1
ħh θ
′
.
Lemma 2.6. We haveψ1 = f and for all n≥ 1 and homogeneous x 1, . . . , x n+1 ∈ C [[ħh]]
(−ħh)ψn+1
 
x 1, . . . , x n+1

=ψn
 
x 1, . . . , x n−1, x n · x n+1

−
∑
p∈P(n+1)
|p|=2
n≁n+1
ψ(x B1) ·
′ψ(x B2).
Remark 2.6. Consider Lemma 2.5. If we regard γ · e−
1
ħh θ as a wave function it can be
called a physical wave function if K

γ · e−
1
ħh θ

= 0. This condition is equivalent to
the following by Lemma 2.2:
Kϑ+
∞∑
n=2
1
n!
ℓn
 
ϑ, . . . ,ϑ

= 0,
Kγ+
∞∑
n=2
1
(n− 1)!
ℓn
 
ϑ, . . . ,ϑ,γ

= 0.
Homotopical Computations in Quantum Fields Theory 29
Note that K ′

γ′ · e−
1
ħh θ
′

= f

K

γ · e−
1
ħh θ

since K ′ ◦ f = f ◦ K . Therefore, a mor-
phism of binary QFT algebras sends physical wave functions to physical wave func-
tions. ♮
Remark 2.7. Consider the first three examples of the relations in Lemma 2.6. We have
ψ1 = f and
(−ħh)ψ2
 
x 1, x 2) =ψ1
 
x1 · x 2)−ψ1
 
x 1) ·
′ψ1
 
x 2),
(−ħh)ψ3
 
x 1, x 2, x 3) =ψ2
 
x1, x 2 · x 3)−ψ2
 
x 1, x 2) ·
′ψ1
 
x 3)
− (−1)|x 1||x2|ψ1
 
x2) ·
′ψ1
 
x 1, x 3),
The first non-trivial ħh-compatibility condition for a pointed cochain map f to be a mor-
phism of binary QFT algebras is that the failure of f being an algebra homomorphism
is (−ħh)ψ2, which divisible by ħh. Then the second non-trivial ħh-compatibility condition
is that the failure of ψ2 ∈ Hom
 
S2C ,C ′
0
[[ħh]] being an “algebra homomorphism” is
(−ħh)ψ3, which divisible by ħh, and so on. ♮
2.4. The homotopy category of binary QFT algebras
In this subsection, we introduce the notion of homotopy of morphisms of binary QFT
algebras to define the homotopy category hoBQFTA(|) of binary QFT algebras and
show that the quantum descendant functor K : BQFTA(|)   UsL∞(|[[ħh]]) is a ho-
motopy functor—that it induces a functor hoK : hoBQFTA(|)   hoUsL∞(|[[ħh]])
from the homotopy category hoBQFTA(|) of binary QFT algebras to the homotopy
category hoUsL∞(|[[ħh]]) of unital sL∞-algebras over |[[ħh]].
We begin with introducing the notion of a homotopy pair of binary QFT algebras after
fixing some notation that will be useful later in the section.
Let U [[ħh]] and U ′[[ħh]] be Z-graded topologically-free |[[ħh]]-modules. Introduce a
formal time parameter τ and denote by Hom
 
U ,U ′
k
[[ħh]][τ] the space of |[[ħh]]-
linear maps from U [[ħh]] to U ′[[ħh]] of ghost number k parametrized by τ with poly-
nomial dependence: α(τ) ∈ Hom
 
U ,U ′
k
[[ħh]][τ] if α(τ) = α0 +α1τ+ . . .+αnτ
n,
α j ∈ Hom
 
U ,U ′
k
[[ħh]] for j = 0,1, . . . ,n. Let α′(τ) = α′0 + α
′
1τ + . . . + α
′
n′
τn
′
∈
Hom
 
U ′,U ′′
l
[[ħh]][τ], whereU ′′[[ħh]] is another Z-graded topologically-free |[[ħh]]-
module, then we define
α′(τ) ◦α(τ) :=
n′+n∑
i=0

α′j ◦αi− j

τi ∈ Hom
 
U ,U ′′
k+l
[[ħh]][τ]
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Fix two binary QFT algebras as follows:
C [[ħh]]BQFTA =
 
C [[ħh]], 1C , · , K

, K
 
C [[ħh]]BQFTA

=
 
C [[ħh]], 1C , ℓ

,
C ′[[ħh]]BQFTA =
 
C ′[[ħh]], 1C ′ , ·
′ , K ′

, K
 
C ′[[ħh]]BQFTA

=
 
C ′[[ħh]], 1C ′ , ℓ
′

.
Define π ∈ Hom
 
S(C ),C
0
[[ħh]] and π′ ∈ Hom
 
S(C ′),C ′
0
[[ħh]] as in the proof of
Lemma 2.4:
π
 
x 1 ⊙ . . .⊙ x n

:= x 1 · . . . · x n for all n≥ 1 and x 1, . . . , x n ∈ C [[ħh]],
π′
 
x ′1 ⊙ . . .⊙ x
′
n

:= x ′1 ·
′ . . . ·′ x ′n for all n≥ 1 and x
′
1, . . . , x
′
n ∈ C
′[[ħh]].
Define ℓ˘ ∈ Hom
 
S(C ),C
1
[[ħh]] and ℓ˘
′
∈ Hom
 
S(C ′),C ′
1
[[ħh]] via ℓ˘n = (−ħh)
n−1ℓn
and ℓ˘
′
n = (−ħh)
n−1ℓ′n for all n ≥ 1. Let D(ℓ˘) : S(C )[[ħh]] → S(C )[[ħh]] and D(ℓ˘
′
) :
S(C ′)[[ħh]]→ S(C ′)[[ħh]] be the unique coderivations determined by ℓ˘ and ℓ˘
′
, respec-
tively. Then, we have the following relations:
K ◦π= π ◦D(ℓ˘), K ′ ◦π′ = π′ ◦D(ℓ˘
′
), D(ℓ˘) ◦D(ℓ˘) =D(ℓ˘
′
) ◦D(ℓ˘
′
).
Remember or notice that D(ℓ˘) = δℓ and D(ℓ˘
′
) = δℓ′ .
Nowwe are ready to introduce the notion of a homotopy pair. For each pair
 
f(τ)
ξ(τ)
in Hom
 
C ,C ′
0
[[ħh]][τ]
⊕
Hom
 
C ,C ′
−1
[[ħh]][τ], we can associate another pair 
ψ˘(τ)
λ˘(τ) ∈ Hom  S(C ),C ′0 [[ħh]][τ]⊕Hom  S(C ),C ′−1 [[ħh]][τ]
implicitly defined by the equations
f(τ) ◦π= π′ ◦F
 
ψ˘(τ)

, ξ(τ) ◦π= π′ ◦Λ
 
ψ˘(τ), λ˘(τ)

, (2.16)
where for all n≥ 1 and homogeneous x1, . . . , x n ∈ C [[ħh]], we write
F
 
ψ˘(τ)

(x 1⊙ . . .⊙x n) :=
∑
|p|∈P(n)
ǫ(p)ψ˘(τ)
 
x B1

⊙ . . .⊙ψ˘(τ)
 
x B|p|

,
Λ
 
ψ˘(τ), λ˘(τ)

(x 1⊙ . . .⊙x n) :=
∑
|p|∈P(n)
|p|∑
i=1
ǫ(p) ψ˘(τ)
 
Jx B1

⊙ . . .⊙ψ˘(τ)
 
Jx Bi−1

⊙
× λ˘(τ)
 
x Bi

⊙ψ˘(τ)
 
x Bi+1

⊙ . . .⊙ψ˘(τ)
 
x B|p|

.
From the condition π′1 = IC ′[[ħh]], we can check that eq. (2.16) actually determines the
pair
 
ψ˘(τ)
λ˘(τ) uniquely from the pair  f(τ)ξ(τ). For example, we have ψ˘1(τ) =
f(τ) and λ˘1(τ) = ξ(τ) at the first level and
ψ˘2(τ)(x 1, x 2) := ψ˘1(τ)(x 1 · x 2)− ψ˘1(τ)(x 1) ·
′ ψ˘1(τ)(x 2),
λ˘2(τ)(x 1, x 2) := ξ(τ)(x 1 · x2)− λ˘1(τ)(x 1) ·
′ ψ˘1(τ)(x 2)− ψ˘1(τ)(Jx 1) ·
′ λ˘1(τ)(x 2)
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at the second level.
Then, we say that
 
ψ˘(τ)
λ˘(τ) is the descendant of  f(τ)|ξ(τ), and denote this
relationship K˘
 
f(τ)
ξ(τ) =  ψ˘(τ)λ˘(τ).
Definition 2.8. A pair
 
f(τ)
ξ(τ) ∈ Hom C ,C ′0[[ħh]][τ]⊕Hom C ,C ′−1[[ħh]][τ]
with the descendant
 
ψ˘(τ)
λ˘(τ) = K˘ f(τ)ξ(τ) is called a homotopy pair of binary
QFT algebras from C [[ħh]]BQFTA to C
′[[ħh]]BQFTA, and denote this
C [[ħh]]BQFTA
(f(τ)|ξ(τ))
+3 C ′[[ħh]]BQFTA ,
if it satisfies the following axioms:
– the unital homotopy flow equation that
ξ(τ)(1C ) = 0,
d
dτ
f(τ) = K ′ ◦ ξ(τ) + ξ(τ) ◦ K (2.17)
and
– the ħh-condition that
1
(−ħh)n−1
λ˘n(τ) ∈ Hom
 
SnC ,C ′
−1
[[ħh]][τ] for all n≥ 1.
Proposition 2.1. Consider a homotopy pair C [[ħh]]BQFTA
(f(τ)|ξ(τ))
+3 C ′[[ħh]]BQFTA of
binary QFT algebras whose descendant is
 
ψ˘(τ)
λ˘(τ). Assume that f(0) is a morphism
of binary QFT algebras. Then, we have
1. f(τ) :C [[ħh]]BQFTA // C
′[[ħh]]BQFTA is a (uniquely defined) family of binary QFT
algebra morphisms, and
2.
 
ψ(τ),λ(τ)

:
 
C [[ħh]], 1C , ℓ

+3
 
C ′[[ħh]], 1C ′ , ℓ
′

is a homotopy pair of unital
sL∞-algebras, where ψn(τ) :=
1
(−ħh)n−1
ψ˘n(τ), λn(τ) :=
1
(−ħh)n−1
λ˘n(τ) for n≥ 1,
and ψ(0) =K
 
f(0)

.
Proof. Note that the unital homotopy flow equation eq. (2.17) has the following
unique solution with initial condition f(0):
f(τ) = f(0) + K ′ ◦
∫ τ
0
ξ(σ)dσ

+
∫ τ
0
ξ(σ)dσ

◦ K ,
satisfying f(τ)(1C ) = 1C ′ . It follows that f(τ) is a family of pointed cochain maps
from
 
C [[ħh]], 1C , K

to
 
C [[ħh]], 1C ′ , K
′

. We need to check that f(τ) also satisfies
the ħh-compatibility condition.
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We first show that
 
ψ˘(τ), λ˘(τ)

:
 
C [[ħh]], 1C , ℓ˘

+3
 
C ′[[ħh]], 1C ′ , ℓ˘
′
is a homo-
topy pair of unital sL∞-algebras — see Definition A.4 in Appendix A.1. Then, we
show that
 
ψ(τ),λ(τ)

:
 
C [[ħh]], 1C , ℓ

+3
 
C ′[[ħh]], 1C ′ , ℓ
′

is a homotopy pair
between the quantum descendant unital sL∞-algebras — this implies that f(τ) is a
one-parameter family of binary QFT morphisms such that ψ(τ) =K
 
f(τ)

.
From the homotopy flow equations in eq. (2.17), we obtain that
d
dτ
f(τ) ◦π= K ′ ◦ ξ(τ) ◦π+ ξ(τ) ◦ K ◦π= K ′ ◦ ξ(τ) ◦π+ ξ(τ) ◦π ◦D(ℓ˘),
where we have used K ◦π = π ◦D(ℓ˘). Therefore, we have the following identity:
d
dτ
 
f(τ) ◦π

− K ′ ◦
 
ξ(τ) ◦π

−
 
ξ(τ) ◦π

◦D(ℓ˘) = 0. (2.18)
Substituting for f(τ) ◦π and ξ(τ) ◦π with eq. (2.16) and using K ′ ◦π′ = π′ ◦D(ℓ˘
′
),
we obtain that
π′ ◦

d
dτ
F
 
ψ˘(τ)

−D
 
ℓ˘
′
◦Λ
 
ψ˘(τ), λ˘(τ)

−Λ
 
ψ˘(τ), λ˘(τ)

◦D
 
ℓ˘

= 0. (2.19)
From π′1 = IC ′[[ħh]], we have
prC ′[[ħh]] ◦

d
dτ
F
 
ψ˘(τ)

−D
 
ℓ˘
′
◦Λ
 
ψ˘(τ), λ˘(τ)

−Λ
 
ψ˘(τ), λ˘(τ)

◦D
 
ℓ˘

= 0.
In components, this conditionmeans that, for all n≥ 1 and homogeneous x1, . . . , x n ∈
C [[ħh]], we have
d
dt
ψ˘n(τ)
 
x1, . . . , x n

= (2.20)∑
p∈P(n)
|p|∑
i=1
ǫ(p)ℓ˘
′
|p|

ψ˘(τ)
 
JxB1

, . . . , ψ˘(τ)
 
Jx Bi

, λ˘(τ)
 
xBi

, ψ˘(τ)
 
x Bi+1

, . . . , ψ˘(τ)
 
x B|p|

+
∑
p∈P(n)
|Bi |=n−|p|+1
ǫ(p)λ˘|p|(τ)

Jx B1 , . . . , Jx Bi−1 , ℓ˘
 
x Bi

, x Bi+1 , . . . , x B|p|

.
It is straightforward to check that λ˘n(x1, . . . , xn−1, 1C ) = 0 for all n ≥ 1 and homo-
geneous x 1, . . . , x n−1 ∈ C [[ħh]]. Therefore, 
ψ˘(τ), λ˘(τ)

:
 
C [[ħh]], 1C , ℓ˘

+3
 
C ′[[ħh]], 1C ′ , ℓ˘
′
is a homotopy pair of unital sL∞-algebras.
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Now setψn(τ) =
1
(−ħh)n−1
ψ˘n(τ), for all n≥ 1. Ifψn(τ) is in Hom
 
SnC ,C ′
0
[[ħh]][τ]
for all n≥ 1, then the first relation in eq. (2.16) becomes
f(τ) ◦π= π′ ◦Ψψ(τ), (2.21)
which implies that f(τ) is a family of morphisms of binary QFT algebras and ψ(τ) =
K
 
f(τ)

. We are going to show that ψn(τ) is indeed in Hom
 
SnC ,C ′
0
[[ħh]][τ] for
all n≥ 1.
From the assumption that f(0) is a morphism of binary QFT algebras, it follows that
ψ(0) = K
 
f(0)

is a unital sL∞-morphism from
 
C [[ħh]], 1C , ℓ

to
 
C ′[[ħh]], 1C ′ , ℓ
′

.
In particular we have ψn(0) ∈ Hom
 
SnC ,C ′
0
[[ħh]] for all n ≥ 1. From ψ˘1(τ) =
f(τ) ∈ Hom
 
C ,C ′
0
[[ħh]][τ], we have ψ1(τ) ∈ Hom
 
C ,C ′
0
[[ħh]][τ]. Fix n > 1 and
assume that ψk(τ) ∈ Hom
 
SkC ,C ′
0
[[ħh]] for all k < n and all τ. Note that λn(τ) :=
1
(−ħh)n−1
λ˘n(τ) ∈ Hom
 
SkC ,C ′
−1
[[ħh]] for all n ≥ 1 by ħh-compatibility. From eq.
(2.20), we have, for homogeneous x 1, . . . , x n ∈ C [[ħh]],
d
dτ
ψ˘n(τ)
 
x 1, . . . , x n

=(−ħh)n−1
∑
p∈P(n)
|p|∑
i=1
ǫ(p)ℓ′|p|

ψ(τ)
 
J xB1

, . . . ,λ(τ)
 
xB1

, . . . ,ψ(τ)
 
xB|p|

+ (−ħh)n−1
∑
p∈P(n)
|Bi |=n−|p|+1
ǫ(p)λ|p|(τ)

Jx B1 , . . . , Jx Bi−1 , ℓ
 
x Bi

, x Bi+1 , . . . , x B|p|

,
which implies that
d
dτ
ψn(τ) ∈ Hom
 
SnC ,C ′
0
[[ħh]][τ]. Combinedwith the condition
ψn(0) ∈ Hom
 
SnC ,C ′
0
[[ħh]], we can conclude that ψn(τ) is in fact contained in
Hom
 
SnC ,C ′
0
[[ħh]][τ], as desired. It follows by induction that ψn(τ) is contained
in ∈ Hom
 
SnC ,C ′
0
[[ħh]][τ] for all n ≥ 1. Therefore, we have, for all n ≥ 1 and
homogeneous x 1, . . . , x n ∈ C [[ħh]],
d
dτ
ψn(τ)
 
x 1, . . . , x n

=
∑
p∈P(n)
|p|∑
i=1
ǫ(p)ℓ′|p|

ψ(τ)
 
J xB1

, . . . ,λ(τ)
 
xBi

, . . . ,ψ(τ)
 
xB|p|

+
∑
p∈P(n)
|Bi |=n−|p|+1
ǫ(p)λ|p|(τ)

Jx B1 , . . . , Jx Bi−1 , ℓ
 
x Bi

, x Bi+1 , . . . , x B|p|

,
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which means that
 
ψ(τ),λ(τ)

:
 
C [[ħh]], 1C , ℓ

+3
 
C ′[[ħh]], 1C ′ , ℓ
′

is a homo-
topy pair between the quantum descendant unital sL∞-algebras. Now eq. (2.21) im-
plies that ψ(τ) = K
 
f(τ)

, so that f(τ) : C [[ħh]]BQFTA −→ C
′[[ħh]]BQFTA is a uniquely
defined 1-parameter family of morphisms of binary QFT algebras. ♮
Remark 2.8. It can be checked that the identity eq. (2.19) implies that
d
dτ
F
 
ψ˘(τ)

= D
 
ℓ˘
′
◦Λ
 
ψ˘(τ), λ˘(τ)

+Λ
 
ψ˘(τ), λ˘(τ)

◦D
 
ℓ˘

. (2.22)
Definition 2.9. Two morphisms f, f˜ :C [[ħh]]BQFTA −→C
′[[ħh]]BQFTA of binary QFT alge-
bras are homotopic, which we denote by f ∼ħh f˜ if there is a homotopy pair
 
f(τ)
ξ(τ)
of binary QFT algebras such that f(0) = f and f(1) = f˜.
It is clear that ∼ħh is an equivalence relation. We say that two morphisms of binary
QFT algebras have the same homotopy type if they are homotopic to each other.
Lemma 2.7. Quantum descendants of homotopic morphisms of binary QFT algebras are
homotopic as morphisms of the quantum descendant unital sL∞-algebras.
Proof. Assume that f ∼ħh f˜ : C [[ħh]]BQFTA −→ C
′[[ħh]]BQFTA are homotopic morphisms
of binary QFT algebras. Then, by definition, there is a homotopy pair
 
f(τ)
ξ(τ) of
binary QFT algebras such that f(0) = f and f(1) = f˜. From Proposition 2.1, it follows
that there is a corresponding homotopy pair
 
ψ(τ),λ(τ)

between the quantum de-
scendant unital sL∞-algebras such that ψ(0) = K
 
f

and ψ˜(1) = K
 
f˜

. Therefore
ψ(0) and ψ(1) are homotopic as morphisms of unital sL∞-algebras. ♮
Definition 2.10. A morphism f : C [[ħh]]BQFTA −→ C
′[[ħh]]BQFTA of binary QFT algebras
is a homotopy equivalence if there is a morphism f′ : C ′[[ħh]]BQFTA −→ C [[ħh]]BQFTA of
binary QFT algebras such that f ◦ f∼ħh IC [[ħh]] and f ◦ f
′ ∼ħh IC [[ħh]].
A homotopy equivalence of binary QFT algebras is automatically a quasi-isomorphism
of binary QFT algebras. It is also obvious that the quantum descendant of a homo-
topy equivalence of binary QFT algebras is a homotopy equivalence of the quantum
descendant unital sL∞-algebras. We are going to define the homotopy category of bi-
nary QFT algebras as the category whose objects are binary QFT algebras and whose
morphisms are the homotopy types of morphisms of binary QFT algebras. Then the
homotopy type of a homotopy equivalence is an isomorphism in the homotopy cate-
gory.
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Theorem 2.2. There is a homotopy category hoBQFTA(|) whose objects are binary QFT
algebras over | and whose morphisms are the homotopy types of morphisms of binary
QFT algebras.
The above theorem is a corollary of the following proposition:
Proposition 2.2. Consider the following diagram in the category BQFTA(|) of binary
QFT algebras: C [[ħh]]BQFTA
f
..
f˜
00 C
′[[ħh]]BQFTA
f′
..
f˜
′
00 C
′′[[ħh]]BQFTA, and assume that
f ∼ħh f˜ and f
′ ∼ħh f˜
′
Then, we have f′ ◦ f ∼ħh f˜
′
◦ f˜ as morphisms of binary QFT alge-
bra from C [[ħh]]BQFTA to C
′[[ħh]]BQFTA, and the homotopy type of f
′ ◦ f depends only on
the homotopy types of f′ and f.
Proof. From the assumption in the proposition, we have a sequence of homotopy
pairs of binary QFT algebras
C [[ħh]]BQFTA
(f(τ)|ξ(τ))
+3 C ′[[ħh]]BQFTA
(f′(τ)|ξ′(τ)
+3 C ′′[[ħh]]BQFTA
such that (
f(0) = f,
f(1) = f˜,
(
f′(0) = f′,
f′(1) = f˜
′
.
Let  
ψ˘(τ), λ˘(τ)

= K˘
 
f(τ)
ξ(τ),  ψ˘(τ), λ˘(τ) = K˘ f(τ)ξ(τ).
We define the composition of the given homotopy pairs of binary QFT algebras as
follows:  
f′(τ)
ξ′(τ) ⋄  f(τ)ξ(τ) :=  f′′(τ)ξ′′(τ),
where (
f′′(τ) := f′(τ) ◦ f(τ),
ξ′′(τ) := f′(τ) ◦ ξ(τ) + ξ′(τ) ◦ f(τ),
Note that
f′′(0) = f ◦ f′, f′′(1) = f˜ ◦ f˜
′
Then what we need to show is that
 
f′′(τ)
ξ′′(τ) is a homotopy pair of binary QFT
algebras fromC [[ħh]]BQFTA toC
′′[[ħh]]BQFTA. It can be checked easily that
 
f′′(τ)
ξ′′(τ)
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satisfies the unital homotopy flow equation: it is obvious that ξ′′(τ)(1C ) = 0, and
d
dτ
f′′(τ) =
d
dτ
f′(τ)◦f(τ)+f′(τ)◦
d
dτ
f(τ),

d
dτ
f(τ) = K ′ ◦ ξ(τ) + ξ(τ) ◦ K ,
d
dτ
f′(τ) = K ′′ ◦ ξ′(τ) + ξ′(τ) ◦ K ′,
so it is trivial that
d
dτ
f′′(τ) = K ′′ ◦ ξ′′(τ) + ξ′′(τ) ◦ K . What remains is to check is the
ħh-condition.
Consider the descendant
 
ψ˘′′(τ), λ˘′′(τ)

of
 
f′′(τ)
ξ′′(τ):(
f′′(τ) ◦π = π′′ ◦ F
 
ψ˘′′(τ)

,
ξ′′(τ) ◦π= π′′ ◦Λ
 
ψ˘′′(τ), λ˘′′(τ)

,
(2.23)
From(
f′(τ) ◦π′ = π′′ ◦F
 
ψ˘′(τ)

,
ξ(τ)′ ◦π′ = π′′ ◦Λ
 
ψ˘′(τ), λ˘′(τ)
 (f(τ) ◦π= π′ ◦F  ψ˘(τ) ,
ξ(τ) ◦π= π′ ◦Λ
 
ψ˘(τ), λ˘(τ)

we obtain that(
f′′(τ) ◦π= π′′ ◦ F
 
ψ˘′(τ)

◦ F
 
ψ˘(τ)

,
ξ′′(τ) ◦π= π′′ ◦
 
F
 
ψ˘′(τ)

◦Λ
 
ψ˘(τ), λ˘(τ)

+Λ
 
ψ˘′(τ), λ˘′(τ)

◦ F
 
ψ˘′(τ)

(2.24)
Comparing this with eq. (2.23), we obtain that
prC ′′[[ħh]] ◦F
 
ψ˘′′(τ)

=prC ′′[[ħh]] ◦F
 
ψ˘′(τ)

◦F
 
ψ˘(τ)

,
prC ′′[[ħh]] ◦Λ
 
ψ˘′′(τ), λ˘′′(τ)

=prC ′′[[ħh]] ◦F
 
ψ˘′(τ)

◦Λ
 
ψ˘(τ), λ˘(τ)

+ prC ′′[[ħh]] ◦Λ
 
ψ˘′(τ), λ˘′(τ)

◦F
 
ψ˘′(τ)

,
which implies the following:
– from ψ˘′′(τ) = prC ′′[[ħh]] ◦F
 
ψ˘′′(τ)

, we have
ψ˘′′(τ) = ψ˘′(τ) ◦ F
 
ψ˘(τ)

≡ ψ˘′(τ) • ψ˘(τ); (2.25)
– from λ˘′′(τ) = prC ′′[[ħh]] ◦Λ
 
ψ˘′′(τ), λ˘′′(τ)

, we have
λ˘′′(τ) = ψ˘′(τ) ◦Λ
 
ψ˘(τ), λ˘(τ)

+ λ˘′(τ) ◦F
 
ψ˘(τ)

. (2.26)
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Recall that for all n≥ 1, we have
λ′(τ)n :=
1
(−ħh)n−1
λ˘′(τ)n ∈ Hom
 
SnC ′,C ′′)−1[[ħh]],
λ(τ)n :=
1
(−ħh)n−1
λ˘(τ)n ∈ Hom
 
SnC ,C ′)−1[[ħh]],
ψ′(τ)n :=
1
(−ħh)n−1
ψ˘′(τ)n ∈ Hom
 
SnC ′,C ′′)0[[ħh]],
ψ(τ)n :=
1
(−ħh)n−1
λ˘(τ)n ∈ Hom
 
SnC ,C ′)0[[ħh]],
From eq. (2.26), we can check thatλ′′(τ)n :=
1
(−ħh)n−1
λ˘′′(τ) ∈ Hom
 
SnC ,C ′′)−1[[ħh]].
Therefore, we conclude that
 
f′′(τ)
ξ′′(τ) is a homotopy pair of binary QFT algebras
from C [[ħh]]BQFTA to C
′′[[ħh]]BQFTA. ♮
Note that
 
ψ˘′′(τ)
λ˘′′(τ) is the descendant of  f′′(τ)ξ′′(τ) and  ψ′′(τ)λ′′(τ) is the
homotopy pair of the quantum descendant unital sL∞-algebras from
 
C [[ħh]], 1C , ℓ

to
 
C ′′[[ħh]], 1C ′′ , ℓ
′′

withψ′′(0) =ψ′◦ψ andψ′′(1) = ψ˜
′
◦ψ˜, whereψ′ =K
 
f′

,ψ =
K
 
f

, ψ˜
′
= K
 
f˜
′
, and ψ˜ = K
 
f˜

. Combined with Lemma 2.7, the above proposition
also implies the following.
Theorem 2.3. The quantum descendant functor K : BQFTA
 
|

  UsL∞(|[[ħh]]) is a
homotopy functor, i.e., it induces a functor hoK : hoBQFTA
 
|

  hoUsL∞(|[[ħh]])
between the respective homotopy categories.
2.5. The category and homotopy category of binary CFT algebras
We obtain the notion of binary CFT (classical field theory) algebra over | by tak-
ing the classical limit
 
C , 1C , · ,ℓ

of the tuple
 
C [[ħh]], 1C , · , ℓ

, which combines the
structure of a binary QFT algebra
 
C [[ħh]], 1C , · , K

with its quantum descendant 
C [[ħh]], 1C , ℓ

. The classical limit of the quantum descendant of a morphism of bi-
nary QFT algebras gives rise naturally to a morphism of the associated binary CFT
algebras, etc., and yields the following definition of the category BCFTA(|) of binary
CFT algebras over |.
Definition 2.11 (Category of binary CFT algebras). A binary CFT algebra over | is
a tuple CBCFTA =
 
C , 1C , · ,ℓ

, where
 
C , 1C , ·

is a unital Z-graded commutative and
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associative algebra and
 
C , 1C ,ℓ

is a unital sL∞-algebra, satisfying the compatibility
condition that, for all n≥ 1 and homogeneous x1, . . . , xn+1 ∈ C , we have
ℓn
 
x1, . . . , xn−1, xn · xn+1

=ℓn
 
x1, . . . , xn−1, xn

· xn+1
+ (−1)|xn|(|x1|+...+|xn−1|)J xn · ℓn
 
x1, . . . , xn−2, xn+1

.
A morphism ψ :CBCFTA // C
′
BCFTA of binary CFT algebras is a morphism of the un-
derlying unital sL∞-algebras such that for all n ≥ 1 and homogeneous x1, . . . , xn+1 ∈
C , we have
ψn
 
x1, . . . , xn−1, xn · xn+1

=
∑
p∈P(n+1)
|p|=2
n≁n+1
ψ(xB1) ·
′ψ(xB2).
The composition of two consecutive morphisms of binary CFT algebras is the composition
as morphisms of the underlying unital sL∞-algebras.
It can be checked that the composition of two consecutive morphisms of binary CFT
algebras is a morphism of binary CFT algebras so that binary CFT algebras over |
form a category BCFTA(|).
Now we turn to the homotopy category hoBCFTA(|) of binary CFT algebras over |.
Definition 2.12. A homotopy pair
 
ψ(τ)
λ(τ) :CBCFTA +3 C ′BCFTA of binary CFT
algebras is a homotopy pair of the underlying unital sL∞-algebras with the following
set of additional conditions: for all n≥ 1 and homogeneous x1, . . . , xn ∈ C ,
λn(τ)
 
x1, . . . , xn−1, xn · xn+1

=
∑
p∈P(n+1)
|p|=2
n≁n+1
λ(τ)(xB1) ·
′ψ(τ)(xB2) +ψ(τ)(JxB1) ·
′ λ(τ)(xB2).
Recall that
 
ψ(τ)
λ(τ) is a homotopy pair of the underlying unital sL∞-algebras
from
 
C , 1C ,ℓ

to
 
C ′, 1C ′ ,ℓ
′

if 
ψ(τ)
λ(τ) ∈ Hom  S(C ),C ′0 [τ]⊕Hom  S(C ),C ′−1 [τ]
and the data satisfies both the unit condition that λ(τ)
 
x1 ⊙ . . . xn−1 ⊙ 1C

= 0 for
all n ≥ 1 and x1, . . . , xn ∈ C , and the homotopy flow equation generated by λ(τ),
namely
d
dt
F
 
ψ(τ)

=D(ℓ′) ◦Λ
 
ψ(τ),λ(τ)

+Λ
 
ψ(τ),λ(τ)

◦D(ℓ).
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It follows that ψ(τ) is a uniquely defined family of unital sL∞-morphisms when-
ever ψ(0) is a unital sL∞-morphism. The additional set of conditions in Definition
2.12 for a homotopy pair
 
ψ(τ)
λ(τ) of binary CFT algebras implies that ψ(τ) is a
uniquely defined family of binary CFT algebra morphisms wheneverψ(0) is a binary
CFT algebra morphism. Therefore, we say that twomorphismsψ and ψ˜ of binary CFT
algebras are homotopic and have the same homotopy type if there is a homotopy pair 
ψ(τ)
λ(τ) of binary CFT algebras such that ψ(0) =ψ and ψ(1) = ψ˜.
It can be checked that the homotopy type of the composition of two consecutive
morphisms of binary CFT algebras depends only on the homotopy types of the con-
stituents. Therefore, we can form the homotopy category hoBCFTA(|) of binary CFT
algebras, whose objects are binary CFT algebras and whose morphisms are the ho-
motopy types of morphisms of binary CFT algebras.
Remark 2.9. From Lemma 2.3, it follows that the combined classical limit of a binary
QFT algebra and its quantum descendant is a binary CFT algebra. From Lemma 2.6,
it follows that the classical limit of the quantum descendant ψ of a morphism f of bi-
nary QFT algebras (recalling that ψ1 = f) is a morphism of the associated binary CFT
algebras. Considering those relationships and the properties of the quantum descen-
dant functor, it should be obvious that the composition of two consecutive morphisms
of binary CFT algebras is a morphism of binary CFT algebra so that binary CFT al-
gebras form a category BCFTA(|). From the definitions of the homotopy category
hoBQFTA(|) of binary QFT algebras and the homotopy functoriality of the quantum
descendant functor in Sect. 2.4, one can check that the classical limits of the quan-
tum descendants of homotopic morphisms of binary QFT algebras are homotopic as
morphisms of the associated binary CFT algebras. This poses the interesting problem
of whether one can setup a mathematical framework for a quantization of a binary
CFT algebra CBCFTA to a binary QFT algebra C [[ħh]]BQFTA, whose classical limit in the
above sense gives us back CBCFTA with appropriate functoriality. Such a framework
may shed new light on the passage from classical field theory to quantum field theory,
but is beyond the scope of this paper. ♮
3. Binary QFTs
The binary QFT algebra |[[ħh]] is initial in the category BQFTA(|) and represents an
initial object in the homotopy category hoBQFTA(|). A binary QFT is a slice over the
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initial object in the homotopy category hoBQFTA(|), i.e., a diagram of the form
C [[ħh]]BQFTA
[c]
// |[[ħh]],
whereC [[ħh]]BQFTA =
 
C [[ħh]], 1C , · , K

is a binary QFT algebra and [c] is a homotopy
type of binary QFT algebra morphisms to |[[ħh]]. In practice, we choose a represen-
tative, say c, of [c] and regard a binary QFT as a diagram C [[ħh]]BQFTA
c // |[[ħh]]
in the category BQFTA(|) and consider only those notions and quantities that are
invariants of the homotopy type of c. We shall call c a strong quantum expectation to
contrast with a quantum expectation which is merely a pointed cochain map.
3.1. Homotopical families of quantum observables
Fix a binary QFT C [[ħh]]BQFTA
c // |[[ħh]] and let
 
C [[ħh]], 1C , ℓ

be the quantum
descendant ofC [[ħh]]BQFTA. Then,
 
C [[ħh]], 1C , ℓ

is a unital sL∞-algebra. Let χ =K(c)
be the quantum descendant of c so that for all n≥ 1 and homogeneous x 1, . . . , x n ∈
C [[ħh]],
c
 
x1 · . . . · x n

=
∑
p∈P(n)
(−ħh)n−|p|ε(p)χ
 
x B1

. . .χ
 
x B|p|

,
has the property that χn ∈ Hom
 
SnC ,|
0
[[ħh]] for all n≥ 1. Equivalently, we have
c ◦π= π|[[ħh]] ◦ Ψχ
where π(x 1 ⊙ . . . ⊙ x n) := x 1 · . . . · x n for all n ≥ 1 and x 1, . . . , x n ∈ C [[ħh]] and
π|[[ħh]](a1 ⊙ . . . ⊙ an) := a1 · . . . · an for all n ≥ 1 and a1, . . . ,an ∈ |[[ħh]]. Recall that
K ◦π= π ◦δℓ and χ :
 
C [[ħh]], 1C , ℓ

//
 
|[[ħh]], 1,0

is a unital sL∞-morphism,
i.e., Ψχ ◦ δℓ = 0.
Now we introduce the notion of a homotopical family of quantum observables.
For any Z-graded vector space V over |, we can can regard V [[ħh]] as a topologically-
free sL∞-algebra
 
V [[ħh]], 0

over |[[ħh]] with the zero sL∞-structure 0.
Definition 3.1. A homotopical family of quantum observables is a pair V =
 
V ; [ϕ]

where V is a Z-graded vector space over | and [ϕ] is the homotopy type of an sL∞-
morphism from
 
V [[ħh]], 0

to
 
C [[ħh]], ℓ

.
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In practice we work with a representative ϕ of [ϕ] and consider only those notions
and quantities that are invariants of the homotopy type. The above definition is based
on the following observation:
Lemma 3.1. Let ϕ :
 
V [[ħh]], 0

//
 
C [[ħh]], ℓ

be a morphism of sL∞-algebras and
defineΠϕ ∈ Hom
 
S(V ),C
0
[[ħh]] so that, for all n≥ 1 and homogeneous v1, . . . , vn ∈ V ,
Πϕ(v1 ⊙ . . .⊙ vn) =
∑
p∈P(n)
(−ħh)n−|p|ε(p)ϕ
 
vB1

· . . . ·ϕ
 
vB|p|

.
Then, we have
1. Πϕ :
 
SV [[ħh]], 0

→
 
C [[ħh]], K

is a cochain map, i.e., K ◦Πϕ = 0;
2. Πϕ˜ − Πϕ = KΣ for some Σ ∈ Hom
 
S(V ),C
−1
[[ħh]] whenever ϕ˜ ∼ ϕ as sL∞-
morphisms.
Proof. For an sL∞-morphism ϕ :
 
V [[ħh]], 0

//
 
C [[ħh]], ℓ

, define Ψϕ so that for
all n≥ 1 and homogeneous v1, . . . , vn ∈ V ,
Ψϕ(v1 ⊙ . . .⊙ vn) :=
∑
p∈P(n)
(−ħh)n−|p|ε(p)ϕ
 
vB1

⊙ . . .⊙ϕ
 
vB|p|

.
Then, we have the identities δℓ ◦ Ψϕ = 0 and Π
ϕ = π ◦ Ψϕ . It follows that K ◦Π
ϕ =
K ◦ π ◦ Ψϕ = π ◦ δℓ ◦ Ψϕ = 0. Therefore, we have the first property that Π
ϕ : 
SV [[ħh]], 0

→
 
C [[ħh]], K

is a cochain map whenever ϕ is an sL∞-morphism. For
the second property, consider two homotopic sL∞-morphisms ϕ and ϕ˜ . Then there
is a homotopy pair
 
ϕ(τ),λ(τ)

:
 
V [[ħh]], 0

+3
 
C [[ħh]], ℓ

of sL∞-algebras such
that ϕ(0) = ϕ and ϕ(1) = ϕ˜ . Set ϕ˘n(τ) = (−ħh)
n−1ϕn(τ) and λ˘n(τ) = (−ħh)
n−1λn(τ),
for all n ≥ 1. Then
 
ϕ˘(τ), λ˘(τ)

:
 
V [[ħh]], 0

+3
 
C [[ħh]], ℓ˘

is a homotopy pair
of sL∞-algebras such that ϕ˘(0) = ϕ˘ and ϕ˘(1) = ˘˜ϕ . (Recall that D
 
ℓ˘

= δℓ and
F
 
ϕ˘

= Ψϕ .) Therefore, we have
d
dτ
F
 
ϕ˘(τ)

=D
 
ℓ˘

◦Λ
 
ϕ˘(τ), λ˘(τ)

which implies that
F
 
ϕ˘(τ)

= F
 
ϕ˘

+D
 
ℓ˘

◦
∫ τ
0
Λ
 
ϕ˘(σ), λ˘(σ)

dσ.
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It follows that
π ◦ F
 
ϕ˘(τ)

=π ◦ F
 
ϕ˘

+π ◦D
 
ℓ˘

◦
∫ τ
0
Λ
 
ϕ˘(σ), λ˘(σ)

dσ
=Πϕ + K ◦π ◦
∫ τ
0
Λ
 
ϕ˘(σ), λ˘(σ)

dσ,
which implies that Πϕ˜ = Πϕ + K ◦π ◦
∫ 1
0 Λ
 
ϕ˘(τ), λ˘(τ)

dτ. ♮
We sometimes refer to an sL∞-morphism
 
V [[ħh]], 0
 ϕ
//
 
C [[ħh]], ℓ

as a homo-
topical family of quantum observables and call Πϕ ∈ Hom
 
S(V ),C
0
[[ħh]] the associ-
ated quantum correlator. The nth componentΠϕn = Π
ϕ◦ebSnV [[ħh]] ∈ Hom (S
nV,C )0 [[ħh]]
of Πϕ is called the n-fold quantum correlator. For example, we have
Π
ϕ
1 (v1) =ϕ1(v1),
Π
ϕ
2 (v1, v2) =ϕ1(v1) ·ϕ1(v2) + (−ħh)ϕ2(v1, v2),
Π
ϕ
3 (v1, v2, v3) =ϕ1(v1) ·ϕ1(v2) ·ϕ1(v3) + (−ħh)ϕ1(v1) ·ϕ2(v2, v3)
+ (−ħh)(−1)|v1 ||v2|ϕ1(v2) ·ϕ2(v1, v3) + (−ħh)ϕ2(v1, v2) ·ϕ1(v3)
+ (−ħh)2ϕ3(v1, v2, v3).
Consider a homotopical family of quantum observables V =

V ; [ϕ]

and let ϕ be a
representative of

ϕ

. Then we have the following diagram:
 
S(V )[[ħh]], 0
 c◦Πϕ ++
Πϕ
//
 
C [[ħh]], K

c
//
 
|[[ħh]], 0

,
 
V [[ħh]], 0

χ•ϕ
33
ϕ
//
 
C [[ħh]], ℓ
 χ
//
 
|[[ħh]], 0

,
where the first line is in the category of cochain complexes over |[[ħh]], while the
second line is in the category of topologically-free sL∞-algebras over |[[ħh]].
– Note that the composition c ◦Πϕ is an invariant of the homotopy type [ϕ] of the
sL∞-morphism ϕ , since for any ϕ˜ ∼ ϕ we have c◦Π
ϕ˜−c◦Πϕ = c◦K◦Σ = 0, so that
this gives an intrinsic notion attached to V . Note also that c◦Πϕ is an invariant of
the homotopy type [c] of the quantum expectation c, since for any c˜∼ c we have
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c˜ ◦Πϕ − c ◦Πϕ = λ ◦ K ◦Πϕ = 0 so that it also gives an intrinsic notion attached
to the binary QFT. We call the invariant µV := c ◦ Πϕ ∈ Hom
 
S(V ),|
0
[[ħh]] the
quantum moment of the homotopical family V of quantum observables.
– Note that the composition χ•ϕ is an sL∞-morphism from
 
V [[ħh]], 0

to
 
|[[ħh]], 0

and is an invariant of the homotopy type [ϕ] ofϕ so that it gives an intrinsic notion
attached to V . Note also that χ • ϕ is an invariant of the homotopy type [χ] of
the quantum descendant χ = K(c,̺), which depends only on the the homotopy
type [c] of the quantum expectation c so that it gives an intrinsic notion attached
to the binary QFT. We call the invariant χV := χ •ϕ the quantum cumulant of the
homotopical family V of quantum observables.
The following lemma characterize the relationship between the quantum moment
and quantum cumulant of a homotopical family of quantum observables.
Theorem 3.1. Let µV = c ◦ Πϕ and χV = χ • ϕ be the quantum moment and the
quantum cumulant, respectively, of a homotopical family V =

V ; [ϕ]

of quantum
observables. Then, for all n≥ 1 and homogeneous v1, . . . , vn ∈ V , we have
µV (v1 ⊙ . . .⊙ vn) =
∑
p∈P(n)
(−ħh)n−|p|ε(p)χV
 
vB1

· · ·χV
 
vB|p|

.
Proof. From c ◦π= π|[[ħh]] ◦Ψχ and Π
ϕ = π ◦ Ψϕ we obtain that
µV = c ◦Πϕ = c ◦π ◦ Ψϕ = π
|[[ħh]] ◦Ψχ ◦Ψϕ = π
|[[ħh]] ◦ ΨχV
where we have used Ψχ ◦Ψϕ = Ψχ•ϕ and χ
V = χ •ϕ for the last equality. Recall that
ΨχV (v1 ⊙ . . .⊙ vn) =
∑
p∈P(n)
(−ħh)n−|p|ε(p)χV
 
vB1

⊙ . . .⊙χV
 
vB|p|

.
Therefore the identity µV = π|[[ħh]] ◦ΨχV is the desired formula in the theorem. ♮
Remark 3.1. Fix a homotopical family V =

V, [ϕ]

of quantum observables and as-
sume that V is a finite dimensional Z-graded vector space. Choose a homogeneous
basis eV = {ea} and let tV = {t
a} be the dual basis. Consider the Z-graded super-
commutative |-algebra |[[tV ]], where t
a1 ta2 = (−1)gh(ea1 )gh(ea2) ta2 ta1 . Then, it is
straightforward to check the following:
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1. Let ϕ be a representative of [ϕ] and let
Θϕ :=
∞∑
n=1
1
n!
tan · · · ta1ϕn
 
ea1 , . . . , ean

∈
 
|[[tV ]]⊗ˆC
0
[[ħh]].
Then, we have Ke−
1
ħhΘ
ϕ
= 0 and
e−
1
ħhΘ
ϕ
= 1C +
∞∑
n=1
1
(−ħh)n
1
n!
tan · · · ta1Πϕ
n
 
ea1 , . . . , ean

.
2. Let µV := c ◦Πϕ and χV = χ •ϕ, and define the following generating series
ZV := 1+
∞∑
n=1
1
(−ħh)n
1
n!
tan · · · ta1µVn
 
ea1 , . . . , ean

∈ |[[tV ]]((ħh))
0,
FV :=
∞∑
n=1
1
n!
tan · · · ta1χVn
 
ea1 , . . . , ean

∈ |[[tV ]]
0[[ħh]].
Then we have the identity ZV = e
−
1
ħhFV . Note also that ZV ≡


e−
1
ħhΘ
ϕ 
c
. ♮
3.2. When are two binary QFTs physically equivalent?
Let C [[ħh]]BQFTA
c // |[[ħh]] and C ′[[ħh]]BQFTA
c′ // |[[ħh]], be binary QFTs and as-
sume that there is a homotopy equivalence C [[ħh]]BQFTA
f
..
C ′[[ħh]]BQFTA
f′
nn of binary
QFT algebras, i.e., both f and f′ are morphisms of binary QFT algebras such that f′ ◦ f
is homotopic to the identity map on C [[ħh]] and f◦f′ is homotopic to the identity map
on C ′[[ħh]]. Note that f and f′ are quasi-isomorphisms. Assume also that the following
diagram in the category of binary QFT algebras is commutative up to homotopy:
C [[ħh]]BQFTA
c //
f



|[[ħh]]
C ′[[ħh]]BQFTA
f′
JJ
c′
66❧❧❧❧❧❧❧❧❧❧❧❧❧❧
.
Then, we may say that the two binary QFTs are physically equivalent. In the remain-
ing part of this subsection, we check that such a physical equivalence induces a iso-
morphism of the homotopical families of quantum observables that preserves the
quantum moment of every homotopical family of quantum observables.
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Let C [[ħh]]BQFTA =
 
C [[ħh]], 1C , · , K

and C ′[[ħh]]BQFTA =
 
C ′[[ħh]], 1C ′ , ·
′ , K ′

, and let 
C [[ħh]], 1C , ℓ

and
 
C ′[[ħh]], 1C ′ , ℓ
′

be the corresponding quantum descendant alge-
bras. Letψ=K(f) andψ′ =K(f′) be the quantum descendants of the two homotopy
inverses f and f′, respectively. Then, we have the following homotopy equivalence in
the category UsL∞(|[[ħh]]):
 
C [[ħh]], 1C , ℓ
 ψ ..  
C ′[[ħh]], 1C ′ , ℓ
′

.
ψ′
nn
Recall that
f ◦π= π′ ◦Ψψ, f
′ ◦π′ = π ◦Ψψ′ , (3.1)
where
π
 
x 1 ⊙ . . .⊙ x n

:= x 1 · . . . · x n for all n≥ 1 and x 1, . . . , x n ∈ C [[ħh]],
π′
 
x ′1 ⊙ . . .⊙ x
′
n

:= x ′1 ·
′ . . . ·′ x ′
n
for all n≥ 1 and x ′1, . . . , x
′
n
∈ C ′[[ħh]].
Let V =

V,

ϕ

be a homotopical family of quantum observables in C [[ħh]]BQFTA and
let ϕ be a representative of

ϕ

. Then, ϕ ′ :=ψ •ϕ :
 
V [[ħh]], 0

//
 
C ′[[ħh]], ℓ′

is
an sL∞-morphism whose homotopy type depends on ϕ only via its homotopy type
ϕ

. Therefore V ′ =

V,

ϕ ′

is a a homotopical family of quantum observables
in C ′[[ħh]]BQFTA. Note also that ψ
′ • ϕ ′ = ψ′ •ψ • ϕ ∼ ϕ if ϕ ′ = ψ • ϕ so that we
have

ψ′ •ϕ ′

=

ϕ

. Obviously, the converse is also true. Therefore, the homotopy
equivalence
C [[ħh]]BQFTA
f
..
C ′[[ħh]]BQFTA
f′
nn
induces an isomorphism of homotopical families of quantum observables.
Consider homotopical families of quantum observables V in C [[ħh]]BQFTA and V
′ in
C ′[[ħh]]BQFTA as defined above. Recall that
µV := c ◦Πϕ = c ◦π ◦F
 
ϕ˘

, µ′V
′
:= c′ ◦Πϕ
′
= c′ ◦π′ ◦F
 
ϕ˘ ′

.
From c∼ħh c
′ ◦ f and f ◦π= π′ ◦Ψψ we have
µV = c′ ◦ f ◦π ◦ Ψϕ = c
′ ◦π′ ◦Ψψ ◦Ψϕ = c
′ ◦π′ ◦ Ψψ•ϕ = c
′ ◦Πϕ
′
= µ′V
′
,
where we have used Ψψ ◦ Ψϕ = Ψψ•ϕ for the third equality, and the fact that Π
ψ•ϕ =
π′ ◦ Ψψ•ϕ is cochain homotopic to Π
ϕ ′ since ϕ ′ ∼ ψ • ϕ as sL∞-morphisms for the
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fourth equality. Therefore, the induced isomorphism of homotopical families of quan-
tum observables also preserves the quantum moment — as well as the quantum cu-
mulant by Theorem 3.1 — of every homotopical family of quantum observables.
4. Quantizations of classical observables
Fix the structure C [[ħh]]BQFTA =
 
C [[ħh]], 1C , · , K

of a binary QFT algebra on C and
consider the underlying QFT complex
 
C [[ħh]], 1C , K

, which shall be called the off-
shell QFT complex of C [[ħh]]BQFTA. The classical limit
 
C , 1C ,K

of the off-shell QFT
complex is a pointed cochain complex over |, whose cohomology H is regarded as the
space of equivalence classes of off-shell classical observables. There is a distinguished
element 1H ∈ H, which is the K-cohomology class of 1C and
 
H, 1H , 0

is a pointed
cochain complex over | with zero differential. The main purpose of this subsection is
to construct the structure of an on-shell QFT complex on H that is homotopy equiva-
lent to the off-shell QFT complex. This will be the obstruction theory of quantization
of classical observables.
Theorem 4.1 (Definition). There is an on-shell QFT complex structure
 
H[[ħh]], 1H ,κ

on the classical cohomology H of a binary QFT algebra of C [[ħh]]BQFTA which is homo-
topy equivalent to the off-shell QFT complex
 
C [[ħh]], 1C , K

of C [[ħh]]BQFTA. We call
C [[ħh]]BQFTA anomaly-free if κ = 0.
Remark 4.1. A QFT complex
 
C [[ħh]], 1C , K

is by definition a pointed cochain com-
plex over |[[ħh]]. However, we will rarely work with its cohomology
 
H , 1H , 0

, where
1H is the K-cohomology class of 1C , but almost exclusively with the on-shell QFT
complex
 
H[[ħh]], 1H ,κ

on the classical cohomology H, which is quasi-isomorphic to 
H , 1H , 0

. There are at least two reasons for this choice:
1. We do not expect, in general, that the K-cohomology group H is a topologically
free |[[ħh]]-module, while both H[[ħh]] andC [[ħh]]will always be topologically free.
Here is a simple demonstration: Let v ∈ H ⊂ H[[ħh]] satisfy κv = 0. Then v can
not be κ-exact, since κ = ħhc(1) + · · · , so that it gives a cohomology class in H .
Consider ħhv ∈ H[[ħh]], which always belongs to Kerκ. Now ħhv can be κ-exact.
For example, there may be some η ∈ H such that c(n)η = 0 for all n ≥ 2, while
c
(1)η = v so that ħhv = κη = ħhc(1)η. We remark that H is a free |[[ħh]]-module if
κ= 0 since the cohomology of (H[[ħh]],κ = 0) is H[[ħh]], which is isomorphic to H
as topologically free |[[ħh]]-modules. In general we may regard the on-shell QFT
complex
 
H[[ħh]], 1H ,κ

as a topologically-free resolution of
 
H , 1H , 0

.
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2. The arena of classical physics is the classical cohomology H (the on-shell QFT
complex) and we think of ourselves as mere mortals contemplating the quantum
world from this classical vantage point. ♮
The classical complex (C , 1C ,K) is a pointed cochain complex over a field | where
every quasi-isomorphism splits. Then the classical complex is homotopy equivalent
to
 
H, 1H , 0

. We choose all the data of such a homotopy equivalence
 
H, 1H , 0
 f ..  
C , 1C ,K

h
mm
s



,
(
h ◦ f = IH ,
f ◦ h = IC − K ◦ s− s ◦ K ,
(4.1)
where both f ∈ Hom
 
H,C
0
and h ∈ Hom
 
C ,H
0
are quasi-isomorphisms of pointed
cochain complexes satisfying f (1H) = 1C , K ◦ f = 0, h(1C ) = 1H and h ◦ K = 0, and
s is an element in Hom
 
C ,C
−1
satisfying K = K ◦ s ◦ K and s(1C ) = 0.
We can and will choose a splitting s such that it satisfies the following side condition:
s ◦ s = s ◦ f = h ◦ s = 0. (4.2)
We call such a trio ( f ,h, s) a classical off-to-on-shell retract of the classical complex 
C , 1C ,K

— the official name for such a trio is strong deformation retract with the
side conditions in the homological perturbation theory.
4.1. A quantization
Associated to each classical off-to-on-shell retract ( f ,h, s), we can construct an on-
shell QFT complex structure
 
H[[ħh]], 1H ,κ

on H and a quantized off-to-on-shell re-
tract (f,h, s), whose classical limit is limit ( f ,h, s). That is, this data should satisfy
 
H[[ħh]], 1H ,κ
 f ..  
C [[ħh]], 1C , K

h
nn
s



,
(
h ◦ f = IH[[ħh]],
f ◦ h = IC [[ħh]] − K ◦ s− s ◦ K ,
(4.3)
where f ∈ Hom(H,C )0[[ħh]] and h ∈ Hom(C ,H)0[[ħh]] are (quasi-iso)morphisms of
QFT complexes, i.e.,
f(1H) = 1C , K ◦ f = f ◦κ, h(1C ) = 1H , h ◦ K = κ ◦ h,
and s ∈ Hom(C ,C )−1[[ħh]] satisfies s(1C ) = 0 as well as the following side condi-
tions:
s◦ s = s◦ f = h◦ s = 0, s ◦ s = s ◦ f = h◦ s = 0, s◦ s = s◦ f = h◦ s = 0. (4.4)
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Proposition 4.1. Fix a classical off-to-on-shell retract ( f ,h, s) and define(
κ = ħhc(1) + ħh2c(2) + . . . ,
f = f + ħhf (1) + ħh2 f (2) + . . . ,
(
h = h+ ħhh(1) + ħh2h(2) + . . . ,
s = s+ ħhs(1) + ħh2s(2) + . . . ,
where, for all n≥ 1,
c
(n) = h ◦ g(n), f (n) = −s ◦ g(n),
where
g(n) :=
n−1∑
j=0
K(n− j) ◦ f ( j) −
n−1∑
j=1
f (n− j) ◦ c( j), (4.5)
h(n) = −u(n) ◦ s, where u(n) :=
n−1∑
j=0
h( j) ◦ K(n− j) −
n−1∑
j=1
c
( j) ◦ h(n− j), (4.6)
and
s(n) = −
n−1∑
j=0
s ◦ K(n− j) ◦ s( j) ≡ −
n−1∑
j=0
s( j) ◦ K(n− j) ◦ s. (4.7)
Then
 
H[[ħh]], 1H ,κ

is an on-shell QFT complex and (f,h, s) is a quantization of ( f ,h, s).
Proof. 1. From the side condition eq. (4.2) and by definition, the trio (f,h, s) satisfies
eq. (4.4).
2. We check that κ2 = κ1H = 0 and f(1H) = 1C and K ◦ f = f ◦ κ as follows: It is
obvious that κ2 = 0 mod ħh and K ◦ f = f ◦ κmod ħh, since c(0) = K ◦ f = 0. Fix
n ≥ 2 and assume that κ2 = 0 mod ħhn and K ◦ f = f ◦ κmod ħhn. Then, it can be
checked that
K ◦ g(n) = −
n−1∑
ℓ=1
f ◦c(n−ℓ) ◦ c(ℓ). (4.8)
Applying h◦ from the left to the above identity, we obtain that
n−1∑
ℓ=1
c
(n−ℓ) ◦c(ℓ) = 0, (4.9)
and K ◦ g(n) = 0. Let c(n) := h ◦ g(n) and f (n) := − s ◦ g(n). Then we obtain that
f ◦c(n) = f ◦ h ◦ g(n)
=g(n) − K ◦ s ◦ g(n) − s ◦ K ◦ g(n)
=g(n) + K ◦ f (n).
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This relation is equivalent to the following:
n∑
ℓ=0
K(n−ℓ) ◦ f (ℓ) =
n∑
ℓ=1
f (n−ℓ) ◦ c(ℓ). (4.10)
Combining our assumption with eq. (4.9) and eq. (4.10), we have κ2 = 0 mod
ħhn+1 and K ◦ f = f ◦ κmod ħhn+1. By induction we conclude that κ2 = 0 and
K ◦ f = f ◦κ. It is straightforward to check that κ1H = 0 and f(1H) = 1C .
3. We check that h ◦ K = κ ◦ h and h(1H) = 1C as follows: Note that h ◦ K =
κ◦h mod ħh, since h◦K = c(0) = 0. Fix n≥ 2 and assume that h◦K = κ◦h mod ħhn.
Then, it can be checked that
u(n) ◦ K = 0, c(n) ◦ h= u(n) ◦ f ◦ h. (4.11)
Let h(n) := − u(n) ◦ s. Then, we have
u(n) = u(n) ◦ f ◦ h+ u(n) ◦ K ◦ s+ u(n) ◦ s ◦ K
= u(n) ◦ f ◦ h+ u(n) ◦ s ◦ K
= c(n) ◦ h− h(n) ◦ K ,
which is equivalent to the following relation:
n∑
j=0
h( j) ◦ K(n− j) =
n∑
j=1
c
( j) ◦ h(n− j). (4.12)
Combining our assumption with eq. (4.12), we have h ◦ K = κ ◦ h mod ħhn+1.
By induction we conclude that h ◦ K = κ ◦ h. It is straightforward to check that
h(1C ) = 1H .
4. From
f = f −
∞∑
n=1
ħhns ◦ g(n), h = h−
∞∑
n=1
ħhnu(n) ◦ s,
and s ◦ s = h ◦ s = s ◦ f = 0, it is obvious that h ◦ f = h ◦ f = IH[[ħh]].
5. It remains to check that f◦h = IC [[ħh]]− K ◦ s− s◦ K . Let ξ = f◦h+ K ◦ s+ s◦ K ∈
Hom
 
C ,C

[[ħh]]. Consider the expansion ξ = ξ(0) + ħhξ(1) + ħh2ξ(2) + . . ., where
ξ(n) = (f ◦ h)(n) + (K ◦ s)(n) + (s ◦ K)(n) ∈ Hom
 
C ,C

. Note that ξ(0) = I since
f ◦ h = IC − K ◦ s − s ◦ K . We need to show that ξ
(n) = 0 for all n ≥ 1. A direct
computation using the definitions of (f,h, s) show that, for all n≥ 1,
(f ◦ h)(n) =
n−1∑
k=0
f (k) ◦ h(n−k)+ f (n) ◦ h= −
n−1∑
k=0
(f ◦h)(k) ◦ K(n−k) ◦ s+ f (n) ◦ h
=−
n−1∑
k=0
(f ◦h)(k) ◦ K(n−k) ◦ s+
n−1∑
k=0
s(k) ◦ K(n−k) ◦ K(0) ◦ s−
n∑
k=0
s(k) ◦ K(n−k).
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For n= 1, we have ξ(1) = 0:
(f ◦h)(1) =− f ◦ h ◦ K(1) ◦ s+ s ◦ K(1) ◦ K ◦ s− s ◦ K(1) − s(1) ◦ K
=− K(1) ◦ s+ K ◦ s ◦ K(1) ◦ s+ s ◦
 
K ◦ K(1) + K(1) ◦ K

◦ s− (s ◦ K)(1)
=− (K ◦ s)(1) − (s ◦ K)(1).
Fix n≥ 2 and assume that ξ(1) = . . . = ξ(n−1) = 0. Then, we have
(f ◦ h)(n) =− K(n) ◦ s+
n−1∑
k=0
(K ◦ s)(k) ◦ K(n−k) ◦ s
+
n−1∑
k=0
(s ◦ K)(k) ◦ K(n−k) ◦ s+
n−1∑
k=0
s(k) ◦ K(n−k) ◦ K(0) ◦ s
−
n∑
k=0
s(k) ◦ K(n−k)
=− (K ◦ s)(n) − (s ◦ K)(n) +
n∑
k=1
s(n−k) ◦ (K ◦ K)(k) ◦ s
=− (K ◦ s)(n) − (s ◦ K)(n).
Therefore ξ(n) = 0, so that ξ(n) = 0 for all n≥ 1 by induction. ♮
4.2. Variations of quantization
Recall that the differentialκ and the quantized off-to-on-shell retract (f,h, s) in Propo-
sition 4.1 were obtained in terms of a fixed classical off-to-on-shell retract ( f ,h, s).
The following proposition show that these quantizations depend only up to an auto-
morphism and homotopy on the choice of splitting data of the classical complex. We
will only consider the variations of κ and f.
Proposition 4.2. Let (f,κ) and (f′,κ′) be the duos associated with off-to-on-shell re-
tracts ( f ,h, s) and ( f ′,h′, s′), respectively. Then, there is a duo (ξ,λ) such that
κ′ = ξ−1 ◦κ ◦ ξ, f′ = f ◦ ξ+ K ◦λ+λ ◦κ′,
where ξ = IH + ħhξ
(1) + ħh2ξ(2) + . . . ∈ Aut
 
H[[ħh]]

and
λ(1H) = 0, λ = λ
(0) + ħhλ(1) + ħh2λ(2) + . . . ∈ Hom(H,C )−1[[ħh]].
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Proof. Recall that f (0) := f , f
′(0) := f ′ and, for all n≥ 1,(
f (n) = −s ◦ g(n),
c
(n) = h ◦ g(n),
(
f ′(n) = −s′ ◦ g′(n),
c
′(n) = h′ ◦ g′(n),
(4.13)
where
g(n) :=
n−1∑
ℓ=0
K(n−ℓ) ◦ f (ℓ) −
n−1∑
ℓ=1
f (n−ℓ) ◦c(ℓ),
g′(n) :=
n−1∑
ℓ=0
K(n−ℓ) ◦ f ′(ℓ) −
n−1∑
ℓ=1
f ′(n−ℓ) ◦c′(ℓ).
(4.14)
Recall also that K ◦ g(n) = K ◦ g′(n) = 0 and
g(n) = f ◦ c(n) − K ◦ f (n), g′(n) = f ′ ◦ c′(n) − K ◦ f ′(n). (4.15)
We are going to construct ξ and λ inductively so that ξ(0) = IH , λ
(0) = s ◦ ( f ′ − f )
and, for all n≥ 1, (
ξ(n) = h ◦w(n),
λ(n) = −s ◦w(n),
(4.16)
where
w(n) := f ′(n) − f (n) −
n−1∑
ℓ=1
f (n−ℓ) ◦ ξ(ℓ) −
n−1∑
ℓ=0
K(n−ℓ) ◦ λ(ℓ) −
n∑
ℓ=1
λ(n−ℓ) ◦c′(ℓ). (4.17)
1. In this step, we construct λmod ħh2 and ξmod ħh2 and prove the theorem modulo
ħh2.
It is obvious, by definition, that c′(1) = c(1). Consider the identities K ◦ f = f ◦ κ
and K ◦ f′ = f′ ◦κ′ modulo ħh2:
K ◦ f = 0,
K(1) ◦ f + K ◦ f (1) = f ◦ c(1).
K ◦ f ′ = 0,
K(1) ◦ f ′ + K ◦ f ′(1) = f ′ ◦c(1).
(4.18)
Note that both f ′ and f are assumed to induce the identity map on the coho-
mology H, so that h ◦ ( f ′ − f ) = 0. It follows that f ′ − f = −K ◦ s ◦ ( f ′ − f ).
Once we define λ(0) := − s ◦ ( f ′ − f ), we conclude that f ′ = f + K ◦ λ(0). From
the equations in the second line of eq. (4.18), we obtain that ( f ′ − f ) ◦ c(1) =
K(1) ◦ ( f ′ − f ) + K ◦ ( f ′(1) − f (1)), which implies that Kw(1) = 0, where
w(1) := f ′(1) − f (1) − K(1) ◦λ(0) −λ(0) ◦c(1) ∈ Hom(H,C )0.
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Hencewe obtain a well-defined linearmapξ(1) := h◦w(1) ∈ Hom(H,H)0 satisfying
the following relation:
f ◦ ξ(1) = f ◦ h ◦ w(1) = w(1) − K ◦ s ◦w(1)
= f ′(1) − f (1) − K(1) ◦λ(0) −λ(0) ◦c(1) + K ◦λ(1),
where we have defined λ(1) := − s◦w(1) ∈ Hom(H,C )−1. Therefore, we conclude
that
c
′(1) = c(1),
(
f ′ = f + K ◦ λ(0),
f ′(1) = f (1) + f ◦ ξ(1) + K ◦λ(1) + K(1) ◦ λ(0) +λ(0) ◦ c(1).
(4.19)
Let ξ := IH +ħhξ
(1) mod ħh2 and λ := λ(0)+ħhλ(1) mod ħh2. Then the relations in eq.
(4.19) are equivalent to the following;
λ(1H) = 0 mod ħh
2,
ξ(1H) = 1H mod ħh
2,
κ′ = ξ−1 ◦κ ◦ ξmod ħh2,
f
′ = f ◦ ξ+ K ◦λ+λ ◦κ′ mod ħh2.
2. Fix n > 2. Assume that there are some ξ := IH + ħhξ
(1) + · · ·+ ħhn−1ξ(n−1) mod ħhn
and λ := λ(0) + ħhλ(1) + · · ·+ ħhn−1λ(n−1) mod ħhn such that
λ(1H) = 0 mod ħh
n,
ξ(1H) = 1H mod ħh
n,
κ′ = ξ−1 ◦κ ◦ ξmod ħhn,
f
′ = f ◦ ξ+ K ◦λ+λ ◦κ′ mod ħhn.
3. We claim that the following is a consequence of the assumptions in step (2):
g′(n) − g(n) =− K ◦

n−1∑
ℓ=1
f (n−ℓ) ◦ ξ(ℓ) +
n−1∑
ℓ=0
K(n−ℓ) ◦ λ(ℓ) +
n−1∑
ℓ=1
λ(n−ℓ) ◦c′(ℓ)

+ f (ξ−1 ◦κ ◦ ξ)(n) − f ◦ c(n).
(4.20)
Applying h to the above identity, we have
h ◦ g′(n) − h ◦ g(n) =
 
ξ−1 ◦κ ◦ ξ
(n)
−c(n).
Using h ◦ g′(n) ≡ h′ ◦ g′(n) = c′(n), since h = h′ on kerK , and h ◦ g(n) = c(n), we
obtain the relation
c
′(n) =
 
ξ−1 ◦κ ◦ ξ
(n)
. (4.21)
It follows that
g′(n) − g(n) =− K ◦

n−1∑
ℓ=1
f (n−ℓ) ◦ ξ(ℓ) +
n−1∑
ℓ=0
K(n−ℓ) ◦λ(ℓ) +
n−1∑
ℓ=1
λ(n−ℓ) ◦c′(ℓ)

+ f ◦c′(n) − f ◦c(n).
Homotopical Computations in Quantum Fields Theory 53
Using f ′ = f + Kλ(0), the above identity can be rewritten as follows;
g′(n) − g(n) =− K ◦

n−1∑
ℓ=1
f (n−ℓ) ◦ ξ(ℓ) +
n−1∑
ℓ=0
K(n−ℓ) ◦λ(ℓ) +
n∑
ℓ=1
λ(n−ℓ) ◦c′(ℓ)

+ f ′ ◦ c′(n) − f ◦ c(n).
On the other hand, the identities in eq. (4.15) imply that
g′(n) − g(n) = f ′ ◦c′(n) − f ◦c(n) − K ◦ f ′(n) + K ◦ f (n).
By combining the two identities above, we conclude that
K ◦ w(n) =0,
w(n) := f ′(n) − f (n) −
n−1∑
ℓ=1
f (n−ℓ) ◦ ξ(ℓ) −
n−1∑
ℓ=0
K(n−ℓ) ◦λ(ℓ) −
n∑
ℓ=1
λ(n−ℓ) ◦ c′(ℓ).
Note that w(n) ∈ Hom(H,C )0 and w(n)(1H) = 0. Let ξ
(n) := h◦w(1) ∈ Hom(H,H)0
and λ(n) := −s◦w(n) ∈ Hom(H,H)−1. Then, we obtain that f ◦ξ(n) = f ◦h◦w(n) =
w(n) + K ◦λ(n) and conclude that
ξ(n)(1H) = λ
(n)(1H) = 0,
f ′(n) = f (n) +
n∑
ℓ=1
f (n−ℓ)ξ(ℓ) +
n∑
ℓ=0
K(n−ℓ)λ(ℓ) +
n∑
ℓ=1
λ(n−ℓ)c′(ℓ)
(4.22)
Let
ξ := 1+ ħhξ(1) + · · ·+ ħhnξ(n) mod ħhn+1,
λ := λ(0) + ħhλ(1) + · · ·+ ħhnλ(n) mod ħhn+1.
Then the relations in eq. (4.22) together with our assumptions in step (2) are
equivalent to the following;
λ(1H) = 0 mod ħh
n+1,
ξ(1H) = 1H mod ħh
n+1,
κ′ = ξ−1 ◦κ ◦ ξmod ħhn+1,
f
′ = f ◦ ξ+ K ◦λ+λ ◦κ′ mod ħhn+1.
so we are done. ♮
Corollary 4.1. Suppose κ = ħhnc(n) + ħhn+1c(n+1) + · · · has c(n) 6= 0 for some n ≥ 1.
Then κ′ = ħhnc′(n) + ħhn+1c′(n+1) + · · · and c′(n) = c(n).
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4.3. Homotopy ħh-divisibility
The purpose of this subsection is to define a |-linear operator
∇(−ħh)−1 : Hom
 
T (H),C

[[ħh]] −→ Hom
 
T (H),C

[[ħh]],
which will be used to prove a key technical Lemma 4.1 for constructing a distin-
guished homotopical family of quantum observables in the next section.
Fix a classical off-to-on-shell retract ( f ,h, s) and consider the associated deformation
quantization (H[[ħh]], 1H ,κ)
f // (C [[ħh]], 1C , K) of (H, 1H , 0)
f
// (C , 1C ,K) . In-
troduce the following |[[ħh]]-linear operators
KHC : Hom
 
T (H),C

[[ħh]]→ Hom
 
T (H),C

[[ħh]],
κHH : Hom
 
T (H),H

[[ħh]]→ Hom
 
T (H),H

[[ħh]],
defined for all n≥ 1 and v1, . . . , vn ∈ H via 
KHCΩ

(v1, . . . , vn) :=
KΩ(v1, . . . , vn)− (−1)
|Ω|
n∑
j=1
Ω(J v1, . . . , J vi−1,κv j , v j+1, . . . , vn),
 
κHHω

(v1, . . . , vn) :=
κω(v1, . . . , vn)− (−1)
|ω|
n∑
j=1
ω(J v1, . . . , J vi−1,κv j , v j+1, . . . , vn),
where Ω ∈ Hom
 
T (H),C

[[ħh]] and ω ∈ Hom
 
T (H),H

[[ħh]]. It is trivial to check
that K2HC = κ
2
HH = 0. Note also that f ◦ω ∈ Hom
 
T (H),C

[[ħh]] and KHC
 
f ◦ω

=
f◦
 
κHHω

since KHC (f◦ω) = K ◦ f◦ω− (−1)
|ω|
f◦ω◦κ= f◦
 
κ ◦ω− (−1)|ω|ω ◦κ

.
For a homogeneous element Ω ∈ Hom
 
T (H),C

[[ħh]], we define ∇(−ħh)−1Ω via
(−ħh)∇(−ħh)−1Ω := Ω− f ◦ h ◦Ω − KHC (s ◦Ω)− s ◦ K ◦Ω. (4.23)
Note that the right hand side vanishes is divisible by ħh because it vanishes in the
classical limit:
(IC − f ◦ h− K ◦ s− s ◦ K) ◦Ω = 0,
Therefore ∇ħh−1Ω ∈ Hom
 
T (H),C

[[ħh]]. If the classical limit of Ω vanishes, we have
∇(−ħh)−1Ω=
1
(−ħh)
Ω.
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Proposition 4.3. Fix k ∈ Z with k ≥ 1 and assume that there is a trio (Ω,Ξ,ω), where
Ω and Ξ are in Hom
 
T (H),C

[[ħh]] and ω is in Hom
 
T (H),H

[[ħh]], which satisfies the
following relation:
KHCΩ= (−ħh)
kΞ− f ◦ω.
Define, for j = 0,1, . . . , k,
Ω[ j] :=
 
∇(−ħh)−1
 j
Ω,
(−ħh) jω[ j] :=ω+
j−1∑
i=0
(−ħh)iκHH
 
h ◦Ω[i]

where Ω[ j] denotes the classical limit of Ω[ j]. Then, we have
1. for j = 0,1, . . . , k,
KHCΩ
[ j] = (−ħh)k− jΞ− f ◦ω[ j] and
(
Ω[ j] ∈ Hom
 
T (H),C

[[ħh]],
ω[ j] ∈ Hom
 
T (H),H

[[ħh]],
2. for i = 0,1, . . . , k − 1,
K ◦Ω[i] = 0.
Proof. Recall that Ω[ j] ∈ Hom
 
T (H),C

[[ħh]] for all j = 0,1, . . . , k. Note that Ω[ j] and
ω[ j], j = 0,1, . . . , k, can be also defined recursively by Ω[0] := Ω, ω[0] = ω and, for
1≤ j ≤ k,
Ω[ j] :=∇(−ħh)−1Ω
[ j−1], (−ħh)ω[ j] :=ω[ j−1] +κHH
 
h ◦Ω[ j−1]

.
From Ω[0] = Ω and ω[0] =ω, the relation we have assumed is
KHCΩ
[0] = (−ħh)kΞ− f ◦ω[0]. (4.24)
From the condition that k ≥ 1, the classical limit of this equation is
K ◦Ω[0] = − f ◦ω[0],
where ω[0] ∈ Hom
 
T (H),H

is the classical limit of ω[0]. Applying h to this classical
limit equation, we have 0= h◦ f ◦ω[0] since h◦K = 0. From h◦ f = IH , we conclude
that
K ◦Ω[0] = 0,
ω[0] = 0.
(4.25)
From, Ω[1] :=∇(−ħh)−1Ω and K ◦Ω
[0] = 0, it follows that
(−ħh)Ω[1] = Ω[0] − f ◦
 
h ◦Ω[0]

− KHC
 
s ◦Ω[0]

. (4.26)
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Applying KHC to the above and using K
2
HC = 0 and KHC f = 0, we obtain that
(−ħh)KHCΩ
[1] = KHCΩ
[0] − f ◦κHH
 
h ◦Ω[0]

.
From eq. (4.24), the above relation gives
(−ħh)KHCΩ
[1] =(−ħh)kΞ− (−ħh)f ◦ω[1], (4.27)
where
(−ħh)ω[1] :=ω[0] +κHH
 
h ◦Ω[0]

.
Note that the right-hand-side of the above equation vanishes in the classical limit
since both ω[0] and κHH vanish in the classical limit. Therefore we have
ω[1] ∈ Hom
 
T (H),H

[[ħh]]. (4.28)
Dividing eq. (4.27) by (−ħh), we conclude that
KHCΩ
[1] = (−ħh)k−1Ξ− f ◦ω[1]. (4.29)
Therefore, we are done if k = 1.
For k ≥ 2, we work inductively as follows: Fix n such that 1≤ n≤ k− 1 and assume
that, for all i = 0,1, . . . ,n,
1. ω[i] ∈ Hom
 
T (H),H

[[ħh]];
2. KHCΩ
[i] = (−ħh)k−iΞ− f ◦ω[i];
3. ω[i] = K ◦Ω[i] = 0, where ω[i] is the classical limit of ω[i].
From (−ħh)ω[n+1] :=ω[n] +κHH
 
h ◦Ω[n]

we conclude that
ω[n+1] ∈ Hom
 
T (H),H

[[ħh]], (4.30)
since both the classical limits of ω[n] and κHH vanish. Note that we have
(−ħh)n+1Ω[n+1] = Ω− f ◦
 
n∑
j=0
(−ħh) jh ◦Ω[i]
!
− KHC
 
n∑
j=0
(−ħh) js ◦Ω[i]
!
,
where we have used Ω[i] =
 
∇(−ħh)−1
i
Ω and the assumption that K ◦Ω[i] = 0, for all
i = 0,1, . . . ,n. Applying KHC to the above, we have
(−ħh)n+1KHCΩ
[n+1] =KHCΩ− f ◦
 
n∑
j=0
(−ħh) jκHH
 
h ◦Ω[i]
!
=(−ħh)kΞ− f ◦
 
ω+
n∑
j=0
(−ħh) jκHH
 
h ◦Ω[i]
!
=(−ħh)kΞ− (−ħh)nf ◦
 
ω[n] +κHH
 
h ◦Ω[n]

.
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Using (−ħh)ω[n+1] :=ω[n] +κHH
 
h ◦Ω[n]

, the above identity becomes
(−ħh)n+1KHCΩ
[n+1] = (−ħh)kΞ− (−ħh)n+1f ◦ω[n+1]
Since n+ 1≤ k, the above equation gives
KHCΩ
[n+1] = (−ħh)k−n−1Ξ− f ◦ω[n+1]. (4.31)
For n+ 1 < k, the classical limit of this equation is K ◦Ω[n+1] = − f ◦ω[n+1], which
in turn implies that
K ◦Ω[n+1] = 0,
ω[n+1] = 0.
(4.32)
For n+ 1= k, we have
KHCΩ
[k] = Ξ− f ◦ω[k], (4.33)
and we are done by induction. ♮
As a corollary of Proposition 4.3, we conclude the following.
Lemma 4.1. For a trio (Ω,Ξ,ω) satisfying , for k ≥ 1;
KHCΩ= (−ħh)
kΞ− f ◦ω,
(
Ω,Ξ ∈ Hom
 
T (H),C

[[ħh]],
ω ∈ Hom
 
T (H),H

[[ħh]],
we have
KHCΩ
[k] = Ξ− f ◦ω[k] and
(
Ω[k] ∈ Hom
 
T (H),C

[[ħh]],
ω[k] ∈ Hom
 
T (H),H

[[ħh]],
(4.34)
where
(−ħh)kΩ[k] := Ω− f ◦

k−1∑
i=0
(−ħh)ih ◦Ω[i]

− KHC

k−1∑
i=0
(−ħh)is ◦Ω[i]

,
(−ħh)kω[k] :=ω+
k−1∑
i=0
(−ħh)iκHH
 
h ◦Ω[i]

.
(4.35)
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5. Mastering quantum correlations
The purpose of this section is to introduce the master equations for level 0 and 1
quantum correlators and present canonical solutions. Throughout this section, we fix
the following data.
1. a binary QFT algebra C [[ħh]]BQFTA =
 
C [[ħh]], 1C , · , K

, where
(a) the tuple
 
C [[ħh]], 1C , ℓ

, is the quantum descendant unital sL∞-algebra and
(b) the tuple
 
H[[ħh]], 1H ,κ

is the on-shell QFT complex,
2. a classical off-to-on-shell retraction ( f ,h, s) and a quantization (f,h, s) of it.
5.1. Master equation for the level zero quantum correlators
In this subsection, we define the master equation governing the level zero quantum
correlations and find a canonical solution.
Definition 5.1. The level zero quantum master equation is a system of equations for a
tuple
¦
π`0,η−1, ℓ`,φ0
©
, where
π`0 ∈ Hom
 
S(H),H
0
[[ħh]],
ℓ` ∈ Hom
 
S(H),H
1
[[ħh]],
η−1 ∈ Hom
 
S(H),C
−1
[[ħh]],
φ0 ∈ Hom
 
S(H),C
0
[[ħh]],
are defined recursively for all n≥ 1 and homogeneous v1, . . . , vn ∈ H by the equations
f
 
π`0n(v1, · · · , vn)

=
∑
p∈P(n)
(−ħh)n−|p|ǫ(p)φ0
 
vB1

· . . . ·φ0
 
vB|p|

− Kη−1
n
(v1, . . . , vn)
−
∑
p∈P(n)
|Bi |=n−|p|+1
(−ħh)n−|p|ǫ(p)η−1
|p|

J vB1 , . . . , J vBi−1 , ℓ`
 
vBi

, vBi+1 , . . . , vB|p|

,
κπ`0
n
(v1, . . . , vn) =
∑
p∈P(n)
|Bi |=n−|p|+1
(−ħh)n−|p|ǫ(p) π`0|p|

J vB1 , . . . , J vBi−1 , ℓ`
 
vBi

, vBi+1 , . . . , vB|p|

,
with the following initial conditions:
π`01 = IH[[ħh]], η
−1
1 = 0, φ
0
1 = f, ℓ`1 = κ.
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Remark 5.1. For n= 1, the (level zero) quantum master equation is
f ◦π01 =φ1 − K ◦η
−1
1 −η
−1
1 ◦ ℓ`1,
κ ◦ π`01 =π`
0
1 ◦ ℓ`1.
so that the initial conditions solve the equation for n= 1. ♮
The following proposition may be regarded as the appropriate integrability condition
for the level zero quantum master equation.
Proposition 5.1. Let
¦
π`0,η−1, ℓ`,φ0
©
be a solution to the level zero quantum master
equation. Then, we have
– The L∞ structure ℓ`= 0 whenever κ = 0.
– The tuple

H[[ħh]], 1H , ℓ`

is a topologically-free unital sL∞-algebra over |[[ħh]], i.e.,
for all n≥ 1 and homogeneous v1, . . . , vn ∈ H, we have∑
p∈P(n)
|Bi |=n−|p|+1
ǫ(p) ℓ`|p|

J vB1 , · · · , J vBi−1 , ℓ`(vBi ), vBi+1 , . . . , vB|p|

= 0,
ℓ`n
 
v1, . . . , vn−1, 1H

= 0.
– The map φ0 satisfies the conditions to be a quasi-isomorphism of topologically-free
unital sL∞-algebras φ
0 :

H[[ħh]], 1H , ℓ`

//
 
C [[ħh]], 1C , ℓ

, i.e., for all n ≥ 1
and homogeneous v1, . . . , vn ∈ H, we have∑
p∈P(n)
ǫ(p) ℓ|p|

φ0
 
vB1

, · · · ,φ
 
vB|p|

=
∑
p∈P(n)
|Bi |=n−|p|+1
ǫ(p)φ|p|

J vB1 , · · · , ℓ`(vBi ), . . . , vB|p|

,
φ0
n
 
v1, . . . , vn−1, 1H

= 1C · δn,1,
where δ1,1 = 1 and δn,1 = 0 if n 6= 1, and φ
0
1 :
 
H[[ħh]], 1H , ℓ`1

→
 
C [[ħh]], 1C , ℓ1

is a pointed cochain quasi-isomorphism.
Proof. It is obvious that ℓ`n = 0 for all n≥ 1 whenever κ = 0. It is also straightforward
to check the following properties:
a. (unitality of structure) ℓ`n
 
v1, . . . , vn−1, 1H

= 0 for all n≥ 1 and v1, . . . , vn−1 ∈ H.
b. (unitality of morphism) φ01(1H) = 1C , and φ
0
n+1
 
v1, . . . , vn, 1H

= 0 for all n ≥ 1
and v1, . . . , vn−1 ∈ H.
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Notation 5.2. Consider the reduced symmetric coalgebra Sco(C )[[ħh]] which is cogener-
ated by the topologically-free |[[ħh]]-moduleC [[ħh]]. We may extend the ħh-shifted version
of ℓ to a coderivation δℓ on S
co(C )[[ħh]]. This coderivation is characterized for all n≥ 1
and homogeneous x1, . . . , xn ∈ C by the formula
δℓ(x1⊙ . . .⊙xn) :=
∑
p∈P(n)
|Bi |=n−|p|+1
(−ħh)n−|p|ǫ(p) JxB1⊙ . . .⊙JxBi−1⊙ℓ(xBi )⊙xBi+1⊙ . . .⊙xB|p| .
Define π0 ∈ Hom
 
S(C ),C
0
[[ħh]] for all n≥ 1 and x 1, . . . , x n ∈ C [[ħh]] to be
π0
 
x 1⊙ . . .⊙x k

= x 1 · . . . · x k.
Then, by the definition of the quantum descendant, we have K ◦ π0 = π0 ◦ δℓ, which
implies that δℓ ◦ δℓ = 0.
Similarly, consider the reduced symmetric coalgebra Sco(H)[[ħh]] which is cogenerated
by the topologically-free |[[ħh]]-module H[[ħh]]. Define a coderivation δ`
ℓ
on Sco(H)[[ħh]]
(as before) and a coalgebra map Ψφ0 : S
co(H)[[ħh]]→ Sco(C )[[ħh]] characterized by the
following equations for all n≥ 1 and homogeneous v1, . . . , v n ∈ H[[ħh]]:
δ`
ℓ
(v1⊙ . . .⊙v n) :=
∑
p∈P(n)
|Bi |=n−|p|+1
(−ħh)n−|p|ǫ(p) Jv B1⊙ . . .⊙Jv Bi−1⊙ℓ`(vBi )⊙vBi+1⊙ . . .⊙vB|p| ,
Ψφ0
 
v1⊙ . . .⊙v n

:=
∑
p∈P(n)
(−ħh)n−|p|ǫ(p)φ0
 
vB1

⊙ . . .⊙φ0

vB|p|

.
Using this notation the level zero quantummaster equation can be written as follows:
f ◦ π`0 = π0 ◦ Ψφ0 − K ◦η
−1 −η−1 ◦ δ`
ℓ
,
κ ◦ π`0 = π`0 ◦ δ`
ℓ
.
(5.1)
Applyingκ◦ to the second equation above and using κ◦κ = 0, we obtain the equation
0= κ ◦ π`0 ◦ δ`
ℓ
= π`0 ◦ δ`
ℓ
◦ δ`
ℓ
. From π`01 = IH , we have
prH[[ħh]] ◦δ`ℓ ◦ δ`ℓ = 0⇐⇒ δ`ℓ ◦ δ`ℓ = 0. (5.2)
In components, we have, for all n≥ 1,
0=prH[[ħh]] ◦δ`ℓ ◦ δ`ℓ(v1⊙ . . .⊙v n)
≡(−ħh)n−1
∑
p∈P(n)
|Bi |=n−|p|+1
ǫ(p) ℓ`

JvB1⊙ . . .⊙Jv Bi−1⊙ℓ`(vBi )⊙vBi+1⊙ . . .⊙vB|p|

.
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Therefore
 
H[[ħh]], ℓ`

is an sL∞-algebra over |[[ħh]]. Then, property (a) implies that
H[[ħh]], 1H , ℓ`

is a unital sL∞-algebra over |[[ħh]].
Applying K◦ to the first part of eq. (5.1) and using K ◦ K = 0, we obtain that
K ◦ f ◦ π`0 + K ◦η−1 ◦ δ`
ℓ
= K ◦π0 ◦ Ψφ0 . (5.3)
Consider the left hand side of this equation:
K ◦ f ◦ π`0 + K ◦η−1 ◦ δ`
ℓ
= f ◦κ ◦ π`0 + K ◦η−1 ◦ δ`
ℓ
= f ◦ π`0 ◦ δ`
ℓ
+ K ◦η−1 ◦ δ`
ℓ
= π0 ◦Ψφ0 ◦ δ`ℓ − K ◦η
−1 ◦ δ`
ℓ
− δ`
ℓ
◦ δ`
ℓ
+ K ◦η−1 ◦ δ`
ℓ
= π0 ◦Ψφ0 ◦ δ`ℓ,
where we have used K ◦ f = f◦κ for the first equality, the second part of eq. (5.1) for
the second equality, the first part eq. (5.1) for the third equality, and eq. (5.2) for the
last equality. From K ◦π0 = π0 ◦δℓ, the right hand side of eq. (5.3) is K ◦π
0 ◦Ψφ0 =
π ◦ δℓ ◦Ψφ0 . Therefore, eq. (5.3) is equivalent to the following:
π0 ◦

δℓ ◦Ψφ0 −Ψφ0 ◦ δ`ℓ

= 0.
From π01 = IC , we have prC [[ħh]] ◦

δℓ ◦ Ψφ0 − Ψφ0 ◦ δ`ℓ

= 0. In components, we have,
for all n≥ 1,
0=prC [[ħh]] ◦

δℓ ◦Ψφ0 −Ψφ0 ◦ δ`ℓ

(v1⊙ . . .⊙v n)
≡(−ħh)n−1
∑
p∈P(n)
ǫ(p) ℓ

φ0(v B1)⊙ . . .⊙φ
0(vB|p|)

− (−ħh)n−1
∑
p∈P(n)
|Bi |=n−|p|+1
ǫ(p)φ0

J vB1⊙ . . .⊙ℓ`(v Bi )⊙ . . .⊙vB|p|

Therefore, φ0 :
 
C [[ħh]], ℓ

→
 
H[[ħh]], ℓH

is also an sL∞-morphism. Combined with
property (a), we conclude that φ0 :

H[[ħh]], 1H , ℓ`

//

C [[ħh]], 1C , ℓ

is a unital
sL∞-morphism.
Finally, we recall that ℓ1 = K , ℓ`1 = κ, and φ1 = f. Therefore φ
0 is a unital sL∞-
quasi-isomorphism since f :
 
H[[ħh]], 1H ,κ

→
 
C [[ħh]], 1C , K

is a pointed cochain
quasi-isomorphism. ♮
62 Jae-Suk Park
Now we explain a strategy to solve the level zero quantum master equation.
For n= 1, the initial conditions solve the quantum master equation:
π`01 = IH[[ħh]], η
−1
1 = 0, ℓ`1 = κ, φ
−1
1 = f.
It follows that KHCφ
0
1 = 0. Consider the quantum master equation for n= 2:
f
 
π`02(v1, v2)

=φ01(v1) ·φ
0
1(v2) + (−ħh)φ
0
2(v1, v2)
− Kη−12 (v1, v2)−η
−1
2
 
ℓ`1(v1), v2

−η−12
 
J v1, ℓ`1(v2)

,
κπ`02(v1, v2) =π`
0
2
 
ℓ`1(v1), v2

+ π`02
 
J v1, ℓ`1(v2)

+ (−ħh)ℓ`2(v1, v2).
which can be written in the following form:
KHCη
−1
2 + f ◦ π`
0
2 −Ω
0
2 =(−ħh)φ
0
2 ,
κHHπ`
0
2 =(−ħh)ℓ`2,
where Ω02 ∈ Hom
 
S2H,C
0
[[ħh]] is defined by
Ω02(v1, v2) := φ
0
1(v1) ·φ
0
1(v2).
Then all we need is to find π`02 ∈ Hom
 
S2H,H
0
[[ħh]] and η−12 ∈ Hom
 
S2H,C
−1
[[ħh]]
so that
φ02 :=
1
(−ħh)
 
KHCη
−1
2 + f ◦ π`
0
2 −Ω
0
2

∈ Hom
 
S2H,C
0
[[ħh]].
Then we will also have ℓ`2 :=
1
(−ħh)
κHHπ`
0
2 ∈ Hom
 
S2H,C
1
[[ħh]] since κHH is divisible
by ħh. It is straightforward to check that
KHCΩ
0
2(v1, v2) = (−ħh)ℓ2
 
φ1(v1),φ1(v2)

,
so that the classical limit Ω02 ∈ Hom
 
S2H,C
0
of Ω02 satisfies K ◦Ω
0
2 = 0. It follows
that
∇(−ħh)−1Ω
0
2 =
1
(−ħh)

Ω02 − f ◦ h ◦Ω
0
2 − KHC (s ◦Ω
0
2)

∈ Hom
 
S2H,C
0
[[ħh]],
where ∇(−ħh)−1 is the operator defined in eq. (4.23). Therefore, the following is a
solution to the level zero quantum master equation for n= 2:
π`02 := h ◦Ω
0
2 , η
−1
2 := s ◦Ω
0
2 , φ
0
2 := −∇(−ħh)−1Ω
0
2, ℓ`2 :=
1
(−ħh)
κHHπ`
0
2.
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In general, for n ≥ 2, the level zero quantum master equation can be written in the
following form:
KHCη
−1
n + f ◦ π`
0
n −Ω
0
n =(−ħh)
n−1φ0n,
κHHπ`
0
n + `̟
1
n =(−ħh)
n−1 ℓ`n,
where Ω0n ∈ Hom
 
SnH,C
0
[[ħh]] and `̟ 1n ∈ Hom
 
SnH,H
1
[[ħh]] are defined for homo-
geneous v1, . . . , vn ∈ H as
Ω0n(v1, · · · , vn) :=
∑
p∈P(n)
|p|6=1
(−ħh)n−|p|ǫ(p)φ0(vB1) · . . . ·φ
0(vB|p|)
−
∑
p∈P(n)
|Bi |=n−|p|+1
|p|6=n,1
(−ħh)n−|p|ǫ(p)η−1
|p|

JvB1 , . . . , JvBi−1 , ℓ`(vBi ), vBi+1 , . . . , vB|p|

,
`̟ 1n(v1, · · · , vn) := −
∑
p∈P(n)
|Bi |=n−|p|+1
|p|6=1,n
(−ħh)n−|p|ǫ(p)π`0|p|

JvB1 , . . . , JvBi−1 , ℓ`(vBi ), vBi+1 , . . . , vB|π|

.
Note that `̟ 12 = 0. Note also that Ω
0
n
and `̟ 1
n
depend only on
¦
π0
k
,η−1
k
, ℓ`k,φ
0
k
©
for
k < n.
Therefore, all we need is to find appropriate π`0n ∈ Hom
 
SnH,H
0
[[ħh]] and η−1n ∈
Hom
 
SnH,C
−1
[[ħh]] such that
1
(−ħh)n−1

KHCη
−1
n + f ◦ π`
0
n −Ω
0
n

∈ Hom
 
SnH,C
0
[[ħh]] and
1
(−ħh)n−1

κHHπ`
0
n + `̟
1
n

∈ Hom
 
SnH,C
1
[[ħh]].
Theorem 5.1. There is a canonical solution
¦
π`0,η−1, ℓ`,φ0
©
to the level zero quantum
master equation of Definition 5.1 with
π`1 = IH , η
−1
1 = 0, φ
0
1 = f, ℓ`1 = κ, (5.4)
and for all n≥ 2
π`0n =
n−2∑
i=0
(−ħh)ih ◦
 
Ω0n
[i]
, φ0n, = −
 
∇(−ħh)−1
 j
Ω0n,
η−1n =
n−2∑
i=0
(−ħh)is ◦
 
Ω0n
[i]
, ℓ`n =
1
(−ħh)n−1
 
`̟ 1n +κHHπ`
0
n

,
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where
 
Ω0n
[i]
∈ Hom
 
SnH,C

is the classical limit of
 
Ω0n
[i]
:= (∇ħh−1)
i Ω0n, for 0 ≤
i ≤ n− 2.
For v1, . . . , vn−1 ∈ H, this solution satisfies
π`0
n
 
v1, . . . , vn−1, 1H

= π`0
n−1
 
v1, . . . , vn−1

,
η−1n
 
v1, . . . , vn−1, 1H

= η−1n
 
v1, . . . , vn−1

,
Remark 5.2. The conditions of eq. (5.4) are mostly redundant; all except the first of
them are explicitly required by Definition 5.1.
Proof. Assume that
π`01, . . . , π`
0
n−1
	
,

0,η−12 , . . . ,η
−1
n−1
	
,

ℓ`1, . . . , ℓ`n−1
	
,

φ01 , . . . ,φ
0
n−1
	
,
is such a canonical solution to the master equation up to order n−1. It can be checked
by an easy induction that, for all v1, . . . , vn−1 ∈ H,
Ω0n(v1, . . . , vn−1, 1H) = Ω
0
n−1(v1, . . . , vn−1). (5.5)
It can be also checked by a tedious but straightforward computation, similar to that
in the proof of Proposition 5.1, that
KHCΩ
0
n = (−ħh)
n−1
L n − f ◦ `̟
1
n, (5.6)
where L n ∈ Hom
 
SnH,C
1
[[ħh]] defined such that, for homogeneous v1, . . . , vn,
L n(v1, · · · , vn) :=
∑
p∈P(n)
|p|6=1
ε(p)ℓ|p|

φ0
 
vB1

, · · · ,φ0
 
vB|p|

−
∑
p∈P(n)
|Bi |=n−|p|+1
|p|6=1,n
ǫ(p)φ0|p|

J vB1 , · · · , J vBi−1 , ℓ`(vBi ), vBi+1 , . . . , vB|p|

.
Therefore, we can apply Lemma 4.1 to obtain that
(−ħh)n−1Ω0[n−1]n =Ωn − f ◦

n−2∑
i=0
(−ħh)ih ◦
 
Ω0n
[i]
− KHC

n−2∑
i=0
(−ħh)is ◦
 
Ω0n
[i]
,
(−ħh)n−1
 
`̟ 1
n
[n−1]
= `̟ 1
n
+
n−2∑
i=0
(−ħh)iκHH

h ◦
 
Ω0
n
[i]
,
KHC
 
Ω0n
[n−1]
=L n − f ◦
 
`̟ 1n
[n−1]
,
(5.7)
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where
 
Ω0n
[ j]
:=
 
∇(−ħh)−1
 j
Ω0n ∈ Hom
 
SnH,C
0
[[ħh]] and
 
Ω0n
[ j]
∈ Hom
 
SnH,C
0
denotes the classical limit of
 
Ω0n
[ j]
. Setting
π`0n :=
n−2∑
j=0
(−ħh) jh ◦
 
Ω0n
[ j]
in Hom
 
SnH,C
0
[[ħh]],
η−1
n
:=
n−2∑
j=0
(−ħh) js ◦
 
Ω0
n
[ j]
in Hom
 
SnH,C
−1
[[ħh]],
φ0
n
:= −
 
Ω0
n
[n−1]
in Hom
 
SnH,C
0
[[ħh]], and
ℓ`n :=
 
`̟ 0
n
[n−1]
in Hom
 
SnH,C
1
[[ħh]],
(5.8)
we have
KHCη
−1
n
+ f ◦ π`0
n
−Ω0
n
=(−ħh)n−1φ0
n
,
κHHπ`
0
n + ω`
0
n =(−ħh)
n−1 ℓ`n,
KHCφ
0
n
+ L n =f ◦ ℓ`n.
(5.9)
and we are done. From eq. (5.5), we also obtain that, for all v1, . . . , vn−1 ∈ H,
π`0n
 
v1, . . . , vn−1, 1H

= π`0n−1
 
v1, . . . , vn−1

,
η−1
n
 
v1, . . . , vn−1, 1H

= η−1
n
 
v1, . . . , vn−1

.
(5.10)
From the relations in eq. (5.8), eq. (5.9) and eq. (5.10) together with the assumption,
we have shown that
π`01, . . . , π`
0
n
	
,

0,η−12 , . . . ,η
−1
n
	
,

ℓ`1, . . . , ℓ`n
	
,

φ01 , . . . ,φ
0
n
	
,
constitute a canonical solution to the master equation up to order n. Therefore, we
are done by induction. ♮
From now on
¦
π`0,η−1, ℓ`,φ0
©
will denote the canonical solution to the master equa-
tion for the level zero quantum correlators.
5.2. Homotopy ħh-divisibility II
Consider the unital sL∞-algebra
 
H[[ħh]], 1H , ℓ`

. It is convenient to introduce a |[[ħh]]-
linear operator d
ℓ`
:
 
S(H)⊗ S jH

[[ħh]]→
 
S(H)⊗ S jH

[[ħh]] defined as follows:
d`
ℓ
(v1 ⊙ . . .⊙ vn ⊗w1 ⊙ . . .⊙w j

= δ
ℓ`
(v1 ⊙ . . .⊙ vn)⊗w1 ⊙ . . .⊙w j
+
j∑
i=1
∑
ς⊂[n]
(−ħh)n−|ς|−1ǫ(ς)ǫ(i,w)vς ⊗ ℓ`
 
vςc ⊙wi

⊙w1 ⊙ . . .⊙cwi ⊙ . . .⊙w j ,
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where ǫ(i,w) is the sign (−1)|wi |(|w1|+...+|wi−1|) and δ`
ℓ
: S(H)[[ħh]]→ S(H)[[ħh]] is as in
Notation 5.2 and satisfies δ
ℓ`
◦ δ
ℓ`
= 0. Then it is also straightforward to show that
d
ℓ`
◦ d
ℓ`
= 0.
Remark 5.3. Let ρ ∈ Hom
 
S(H)⊗ S jH,V

[[ħh]] for a Z-graded vector space W . Then,
we have, for n≥ j, 
ρ ◦ d`
ℓ

(v1, . . . , vn) =
∑
p∈P(n)
|B|p||=n−|p|+1
n− j+1≁pn− j+2≁p...≁pn
(−ħh)n−|p|ǫ(p) ρ`|p|

J vB1 , . . . , J vBi−1 , ℓ`
 
vBi

, vBi+1 , . . . , vB|p|

,
where ρn(v1, . . . , vn) = ρ(v1 ⊙ . . .⊙ vn− j ⊗ vn− j+1 ⊙ . . .⊙ vn). ♮
Define |[[ħh]]-linear operators
K
∞
HC : Hom
 
S(H)⊗ S jH,C

[[ħh]]→ Hom
 
S(H)⊗ S jH,C

[[ħh]],
κ∞HH : Hom
 
S(H)⊗ S jH,H

[[ħh]]→ Hom
 
S(H)⊗ S jH,H

[[ħh]],
for all n≥ 1 and v1, . . . , vn ∈ H via the equations
K
∞
HC Ξ := K ◦Ξ− (−1)
|Ξ|Ξ ◦ d
ℓ`
,
κ∞
HH
ξ := κ ◦ ξ− (−1)|ξ|ω ◦ d
ℓ`
,
where Ξ ∈ Hom
 
S(H)⊗ S jH,C

[[ħh]] and ξ ∈ Hom
 
S(H) ⊗ S jH,H

[[ħh]]. It is trivial
that K∞
HC ◦ K
∞
HC = κ
∞
HH
◦ κ∞
HH
= 0. Note that f ◦ ξ ∈ Hom
 
S(H) ⊗ SkH,C

[[ħh]] and
K
∞
HC
 
f ◦ ξ

= f ◦
 
κ∞HHω

since K ◦ f = f ◦κ.
We define a |-linear operator ∇∞
(−ħh)−1
on Hom
 
S(H)⊗ S jH,C

[[ħh]] as follows: given
Ξ ∈ Hom
 
S(H)⊗ S jH,C

[[ħh]],
(−ħh)∇∞
(−ħh)−1
Ξ := Ξ− f ◦ h ◦Ξ − K∞HC (s ◦Ξ)− s ◦ K ◦Ξ, (5.11)
where Ξ ∈ Hom
 
S(H)⊗ S jH,C

is the classical limit of Ξ. The classical limit of the
right hand side of Eq. (5.11) is Ξ− f ◦h◦Ξ−K ◦s◦Ξ−s◦K ◦Ξ = 0 so it is divisible by
ħh. Therefore, we have ∇∞
ħh−1
Ξ ∈ Hom
 
S(H)⊗ S jH,C

[[ħh]]. Assume that the classical
limit of Ξ vanishes. Then we have ∇(−ħh)−1Ξ=
1
(−ħh)
Ξ. The following is direct.
Lemma 5.1. For a triple (Ξ, M ,ξ) satisfying, for k ≥ 1;
K
∞
HCΞ = (−ħh)
k
M − f ◦ ξ, where
(
Ξ, M ∈ Hom
 
S(H)⊗ S jH,C

[[ħh]],
ξ ∈ Hom
 
S(H)⊗ S jH,H

[[ħh]],
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we have
K
∞
HCΞ
[k] = M − f ◦ ξ[k] and
(
Ξ[k] ∈ Hom
 
S(H)⊗ S jH,C

[[ħh]],
ξ[k] ∈ Hom
 
S(H)⊗ S jH,H

[[ħh]],
(5.12)
where
(−ħh)kΞ[k] := Ξ− f ◦

k−1∑
i=0
(−ħh)ih ◦Ξ[i]

− K∞HC

k−1∑
i=0
(−ħh)is ◦Ξ[i]

and
(−ħh)kξ[k] := ξ+
k−1∑
i=0
(−ħh)iκ∞HH
 
h ◦Ω[i]

.
(5.13)
5.3. The master equation for level one quantum correlators
Let
 
π`0,η−1, ℓ`,φ0

be the canonical solution to the level zero quantum master equa-
tion, which can be written in the following simpler form:
Π0 = f ◦ π`0 + K∞HCη
−1, κ∞HHπ`
0 = 0, (5.14)
where Π0 ∈ Hom
 
S(H),C
0
[[ħh]] is defined by the formula:
Π0(v1 ⊙ . . .⊙ vn) ≡ Π
0
n
(v1, . . . , vn) =
∑
p∈P(n)
(−ħh)n−|p|ǫ(p)φ0
 
vB1

· . . . ·φ0
 
vB|p|

. (5.15)
Note also that K∞HCΠ
0 = 0 since K∞HCΠ
0 = K∞HC
 
f ◦ π`0

= f ◦κ∞HHπ`
0 = 0.
Definition 5.3. The level one quantum master equation is a system of equations for a
tuple

π`−1,η−2,m`0,φ−1
	
, where
π`−1 ∈ Hom
 
S(H)⊗ S2H,H
−1
[[ħh]],
m`
0 ∈ Hom
 
S(H)⊗ S2H,H
0
[[ħh]],
η−2 ∈ Hom
 
S(H)⊗ S2H,C
−2
[[ħh]],
φ−1 ∈ Hom
 
S(H)⊗ S2H,C
−1
[[ħh]],
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are defined recursively for n≥ 2 by the equations
f

π`−1
n
(v1, . . . , vn)

=η−1
n
 
v1, . . . , vn

− K∞
HCη
−2
n
 
v1, . . . , vn

−
∑
p∈P(n)
n−1∼pn
(−ħh)n−|p|−1ǫ(p)φ0
 
J vB1

· · ·φ0
 
J vB|p|−1

·φ−1(vB|p|)
−
∑
p∈P(n)
|B|p||=n−|p|+1
n−1∼pn
|p|6=1
(−ħh)n−|p|−1ǫ(p) η−1|p|

vB1 , · · · , vBp−1 ,m`
0
 
vB|p|

,
π`0n(v1, . . . , vn) =
∑
p∈P(n)
|B|p||=n−|p|+1
n−1∼pn
(−ħh)n−|p|−1ǫ(p) π`0|p|

vB1 , · · · , vBp−1 ,m`
0
 
vB|p|

−κ∞HHπ`
−1
n (v1, . . . , vn),
with the initial conditions
π`−12 = 0, η
−2
2 = 0, m`
0
2 = π`
0
2, φ
−1
2 = η
−1
2 .
Remark 5.4. The leading, n= 2, level one quantum master equation is
f

π`−12 (v1, v2)

=η−12 (v1, v2)−φ
−1
2 (v1, v2)− K
∞
HCη
−1
2 (v1, v2),
π`02(v1, v2) =m`
0
2(v1, v2)−κ
∞
HHη
−2
2 (v1, v2),
which is solved by the initial conditions. ♮
Remark 5.5. Define
Ω−1
n
(v1, . . . ,vn) := η
−1
n
(v1, . . . , vn)
−
∑
p∈P(n)
|B|p||=n−|p|+1
n−1∼pn
|p|6=1
(−ħh)n−|p|−1ǫ(p) η−1
|p|

vB1 , · · · , vBp−1 ,m`
0
 
vB|p|

−
∑
p∈P(n)
n−1∼pn
|p|6=1
(−ħh)n−|p|−1ǫ(p)φ0
 
J vB1

· · ·φ0
 
J vB|p|−1

·φ−1(vB|p|),
(5.16)
Homotopical Computations in Quantum Fields Theory 69
and
`̟ 0n(v1, . . . ,vn) := π`
0
n(v1, . . . , vn)
−
∑
p∈P(n)
|B|p||=n−|p|+1
n−1∼pn
|p|6=1
(−ħh)n−|p|−1ǫ(p) π`0|p|

vB1 , · · · , vBp−1 ,m`
0
 
vB|p|

.
(5.17)
Note thatΩ−1
n
is inHom
 
Sn−2H⊗S2H,C
−1
[[ħh]], that `̟ 0
n
is inHom
 
Sn−2H⊗S2H,H
0
[[ħh]],
and both depend only on the families
π`−12 , . . . , π`
−1
n−1
	
,

η−22 , . . . ,η
−2
n−1
	
,

φ−12 , . . . ,φ
−1
n−1
	
,

m`
0
2, . . . ,m`
0
n−1
	
,
and the canonical solution to the level zero quantum master equation. Then the level
one quantum master equation can be redefined as
(−ħh)n−2φ−1
n
=Ω−1
n
− f ◦ π`−1
n
− K∞
HCη
−2
n
,
(−ħh)n−2m`0n = `̟
0
n +κ
∞
HC π`
−1
n ,
(5.18)
Thus the key to solving these equations is to show that there is a pair
 
π`−1
n
,η−2
n

so
that the expressions on the right hand side of Eq. (5.18) are divisible by ħhn−2.
Proposition 5.2 (Integrability of Definition 5.3). Let

π`−1,η−2,m`0,φ−1
	
be a so-
lution to the level one quantum master equation. Then for all n≥ 2 and v1, . . . , vn ∈ H,
(−ħh)φ0n(v1, . . . , vn) =
∑
p∈P(n)B|p|=n−|p|+1
n−1∼pn
|p|6=n
ǫ(p)φ0|p|

vB1 , . . . , vB|p|−1 ,m`
0(vB|p|)

−
∑
p∈P(n)
|p|=2
n−1≁pn
ε(p)φ0
 
vB1

·φ0
 
vB2

+
∑
p∈P(n)
|Bi |=n−|p|+1
n−1∼pn
ǫ(p)ℓ|p|

φ0(J vB1), . . . ,φ
0(J vB|p|−1),φ
−1(vB|p|)

+
∑
p∈P(n)
|Bi |=n−|p|+1
n−1≁pn
ǫ(p)φ−1
|p|

J vB1 , . . . , J vBi−1 , ℓ`(vBi ), vBi+1 , . . . , vB|p|

.
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Here is our strategy to prove the above proposition. Consider the level one quantum
master equation in the form of eq. (5.18). Applying K∞HC to the first equation in eq.
(5.18) and using the second equation in eq. (5.18), we obtain that
K
∞
HCΩ
−1
n + f ◦ `̟
0
n = (−ħh)
n−2
 
f ◦ m`0n + K
∞
HCφ
−1
n

.
Therefore, there must be some M0n ∈ Hom
 
Sn−2H ⊗ S2H,C
0
[[ħh]], for n ≥ 2, such
that K∞
HCΩ
−1
n
+ f ◦ `̟ 0
n
= (−ħh)n−2 M0
n
, which implies that
M
0
n
= f ◦ m`0
n
+ K∞
HCφ
−1
n
. (5.19)
We claim that, for all n≥ 2,
M
0
n(v1, . . . , vn) =(−ħh)φ
0
n(v1, . . . , vn) +
∑
p∈P(n)
|p|=2
n−1≁pn
ε(p)φ0
 
vB1

·φ0
 
vB2

−
∑
p∈P(n)B|p|=n−|p|+1
n−1∼pn
|p|6=1
ǫ(p)φ0
|p|

vB1 , . . . , vB|p|−1 ,m`
0(vB|p|)

+
∑
p∈P(n)
n−1∼pn
|p|6=1
ǫ(p)ℓ|p|

φ0
 
J vB1

, . . . ,φ0
 
J vB|p|−1

,φ−1
 
vB|p|

,
(5.20)
so that the relation eq. (5.19) is equivalent to the above proposition. Therefore, it
suffices to show that K∞
HCΩ
−1
n
= (−ħh)n−2M0
n
− f ◦ `̟ 0
n
for all n≥ 2.
Lemma 5.2. Let

π`−12 , . . . , π`
−1
n−1
η−22 , . . . ,η−2n−1φ−12 , . . . ,φ−1n−1m`02, . . . ,m`0n−1	 be a so-
lution to the level one quantum master equation for k = 2, . . . ,n− 1. Then, we have
K
∞
HCΩ
−1
n = (−ħh)
n−2
M
0
n − f ◦ `̟
0
n.
We remark that the triple
 
Ω−1
n
, M0
n
, `̟ 0
n

depends only on
π`−12 , . . . , π`
−1
n−1
η−22 , . . . ,η−2n−1φ−12 , . . . ,φ−1n−1m`02, . . . ,m`0n−1	 .
along with the canonical solution to the level zero quantum master equation. The
above lemma will be the key to solving the level one quantum master equation, but
its proof is purely technical.
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Proof. For n = 2, we have M02 = Π
0
2, Ω
−1
n
= η−12 , and m`2 = π`2. Therefore the
level zero quantum master equation f ◦ π`02 = Π
0
2 − K
∞
HCη
−1
2 for n = 2 implies that
K
∞
HCΩ
−1
2 = M
0
2 − f ◦ `̟
0
2 .
For n ≥ 3 assume that K∞
HCΩ
−1
k
= (−ħh)k−2M0
k
− f ◦ `̟ 0
k
for k = 2, . . . ,n − 1, which
implies that
K
∞
HCφ
−1
k
= M0
k
− f ◦ m`0
k
, 2≤ k ≤ n− 1. (5.21)
It remains only to check that K∞HCΩ
−1
n = (−ħh)
n−2
M
0
n−f◦ `̟
0
n. Rewrite Ω
−1
n as follows:
Ω−1
n
(v1, . . . , vn) =η
−1
n
(v1, . . . , vn)
−
∑
p∈P(n)
|B|p||=n−|p|+1
n−1∼pn
|p|6=1
(−ħh)n−|p|−1ǫ(p) η−1
|p|

vB1 , · · · , vBp−1 ,m`
0
 
vB|p|

−
∑
p∈P(n)
|p|=2
n−1∼pn
(−ħh)|B2|−2ǫ(p)Π0
 
J vB1) ·φ
−1
 
vB2

,
(5.22)
where we have used the identity∑
p∈P(n)
n−1∼pn
|p|6=1
(−ħh)n−|p|−1ǫ(p)φ0
 
J vB1

· · ·φ0
 
J vB|p|−1

·φ−1(vB|p|)
=
∑
p∈P(n)
|p|=2
n−1∼pn
(−ħh)|B2|−2ǫ(p)Π0
 
J vB1) ·φ
−1
 
vB2

.
It will also be convenient to decompose M0
k
= X k+ Yk+ Z k, for 2≤ k ≤ n−1, where
X k(v1, . . . , vk) := (−ħh)φk(v1, . . . , vk) +
∑
p∈P(k)
|p|=2
k−1≁pk
ε(p)φ0
 
vB1

·φ0
 
vB2

,
Yk(v1, . . . , vk) := −
∑
p∈P(k)B|p|=k−|p|+1
k−1∼pk
|p|6=1
ǫ(p)φ0
|p|

vB1 , . . . , vB|p|−1 ,m`
0(vB|p|)

,
Z k(v1, . . . , vk) :=
∑
p∈P(k)
k−1∼pk
|p|6=1
ǫ(p)ℓ|p|

φ0
 
J vB1

, . . . ,φ0
 
J vB|p|−1

,φ−1
 
vB|p|

,
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Applying K∞
HC to eq. (5.22) and using K
∞
HCΠ
0 = 0, we have
K
∞
HCΩ
−1
n (v1, . . . , vn) =K
∞
HCη
−1
n (v1, . . . , vn)
−
∑
p∈P(n)
|B|p||=n−|p|+1
n−1∼pn
|p|6=1
(−ħh)n−|p|−1ǫ(p) K∞HCη
−1
|p|

vB1 , · · · , vBp−1 ,m`
0
 
vB|p|

−
∑
p∈P(n)
|p|=2
n−1∼pn
(−ħh)|B2|−2ǫ(p)Π0
 
vB1

· K∞HCφ
−1
 
vB2

−
∑
p∈P(n)
|p|=2
n−1∼pn
(−ħh)|B2|−3ǫ(p)ℓ2

Π0
 
J vB1

,φ−1
 
vB2

.
Using eq. (5.14) and eq. (5.21), we obtain the decomposition K∞HCΩ
−1
n (v1, . . . , vn) =
R1 +R2 +R3 +R4, where
R1 =− f

π`0
n
(v1, . . . , vn)−
∑
p∈P(n)
|B|p||=n−|p|+1
n−1∼pn
|p|6=1
(−ħh)n−|p|−1ǫ(p) π`0
|p|

vB1 , · · · , vBp−1 ,m`
0
 
vB|p|

,
R2 =+Π
0
n
(v1, . . . , vn)−
∑
p∈P(n)
|p|=2
n−1∼pn
(−ħh)|B2|−2ǫ(p)Π
 
vB1

· X
 
vB|p|

,
R3 =−
∑
p∈P(n)
|B|p||=n−|p|+1
n−1∼pn
|p|6=1
(−ħh)n−|p|−1ǫ(p) Π0|p|

vB1 , · · · , vBp−1 ,m`
0
 
vB|p|

+
∑
p∈P(n)
|p|=2
n−1∼pn
(−ħh)|B2|−2ǫ(p)Π0
 
vB1

·φ01
 
m`
0(vB2)

−
∑
p∈P(n)
|p|=2
n−1∼pn
(−ħh)|B2|−2ǫ(p)Π0
 
vB1

· Y (vB2),
Homotopical Computations in Quantum Fields Theory 73
R4 =−
∑
p∈P(n)
|p|=2
n−1∼pn
(−ħh)|B2|−3ǫ(p)ℓ2

Π0
 
J vB1

,φ−1
 
vB2

−
∑
p∈P(n)
|p|=2
n−1∼pn
(−ħh)|B2|−2ǫ(p)Π0
 
vB1

· Z (vB2).
From the definition of `̟ 0
n
in eq. (5.17), we have
R1 = −f ◦ `̟
0
n(v1, . . . , vn).
From the definition of Π0 in eq. (5.15), we obtain the following identity:
Π0n(v1, . . . , vn) = (−ħh)
n−2
X n(v1, . . . , vn) +
∑
p∈P(n)
|p|=2
n−1∼pn
(−ħh)|B2|−2ǫ(p)Π0
 
vB1) · X
 
vB2

,
which implies that
R2 = (−ħh)
n−2
X n(v1, . . . , vn).
We can check from the definition of Π0
k
and Yk, 2≤ k ≤ n− 1, that
R3 = (−ħh)
n−2
Yn(v1, . . . , vn).
Finally, the formula in Remark 2.3 and the definition of Z k for 2 ≤ k ≤ n− 1, imply
that
R4 = (−ħh)
n−2
Zn(v1, . . . , vn).
Therefore we have K∞
HCΩ
−1
n
= (−ħh)n−2 M0
n
− f ◦ `̟ 0
n
. ♮
Theorem 5.2. There is a canonical solution

π`−1,η−2,m`,φ−1
	
to the level one quan-
tum master equation in Definition 5.3 with
π`−12 = 0, η
−2
2 = 0, m`2 = π`2, φ
−1
2 = η
−1
2 (5.23)
and, for all n≥ 3,
π`−1n :=
n−3∑
i=0
(−ħh)ih ◦
 
Ω−1n
[i]
, m`n =
1
(−ħh)n−2
 
`̟ n +κ
∞
HHπ`
−1
n

,
η−2n :=
n−3∑
i=0
(−ħh)is ◦
 
Ω−1n
[i]
, φ−1n =
 
Ω−1n
[n−2]
,
where
 
Ω−1n
[i]
:=

∇∞
(−ħh)−1
i
Ω−1n and
 
Ω−1n
[i]
is the classical limit of
 
Ω−1n
[i]
for 0 ≤
i ≤ n− 3.
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Remark 5.6. Again, the conditions of eq. (5.23) are mostly redundant; all except the
third of them are explicitly required by Definition 5.3.
Proof. Fix n ≥ 3 and let

π`−12 , . . . , π`
−1
n−1
η−22 , . . . ,η−2n−1φ−12 , . . . ,φ−1n−1m`02, . . . ,m`0n−1	
be a solution to the level one quantum master equation for k = 2, . . . ,n− 1 with all
the properties in Theorem 5.2. Then, we have (via Lemma 5.2)
K
∞
HCΩ
−1
n = (−ħh)
n−2
M
0
n − f ◦ `̟
0
n.
Therefore, we can apply Lemma 5.1 to obtain that
(−ħh)n−2
 
Ω−1
n
[n−2]
=Ω−1
n
− f ◦

n−3∑
i=0
(−ħh)ih ◦
 
Ω−1
n
[i]
− K∞HC

n−3∑
i=0
(−ħh)is ◦
 
Ω−1n
[i]
,
(−ħh)n−2
 
`̟ 0n
[n−2]
= `̟ 0n +
n−3∑
i=0
(−ħh)iκHH

h ◦
 
Ω−1n
[i]
,
K
∞
HC
 
Ω−1n
[n−2]
=M0n − f ◦
 
`̟ 0n
[n−2]
.
Recall that
 
Ω−1n
[ j]
=∇
j
(−ħh)−1
Ω−1n is inHom
 
Sn−2H⊗S2H,C
−1
[[ħh]] for j in the range
from 0 to n− 2, and
 
`̟ 0
n
[n−2]
∈ Hom

Sn−2H ⊗ S2H,C
0
[[ħh]]. Setting
π`−1n :=
n−3∑
i=0
(−ħh)ih ◦
 
Ω−1n
[i]
in Hom
 
Sn−2H ⊗ S2H,C
−1
,
η−2n :=
n−3∑
i=0
(−ħh)is ◦
 
Ω−1n
[i]
in Hom

Sn−2H ⊗ S2H,C
−2
,
φ−1
n
:=
 
Ω−1
n
[n−2]
in Hom

Sn−2H ⊗ S2H,C
−1
[[ħh]],
m`
0
n
:=
 
`̟ 0n
[n−2]
in Hom

Sn−2H ⊗ S2H,C
0
[[ħh]],
we obtain that
(−ħh)n−2φ−1n =Ω
−1
n − f ◦ π`
−1
n − K
∞
HCη
−2
n ,
(−ħh)n−2m`0
n
= `̟ 0
n
+κ∞
HC π`
−1
n
,
so we are done by induction. ♮
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Now we specialize to the anomaly-free case that κ = 0. Then the following lemma
shows that the family m` = m`02,m`
0
3, . . . does not depend on ħh.
Lemma 5.3. Let κ = 0. Then, we have m`0n = m`
0
n = π`
0(n−2)
n ∈ Hom
 
SnH,H
0
, for all
n ≥ 2, so that the family m`0 = m`02, m`
0
3, . . . determines π`
0 as follows: for all n ≥ 2 and
homogeneous elements v1, . . . , vn ∈ H,
π`0n(v1, . . . , vn) =
∑
p∈P(n)
|B|p||=n−|p|+1
n−1∼pn
(−ħh)n−|p|−1ǫ(p) π`0|p|

vB1 , · · · , vBp−1 , m`
0
 
vB|p|

.
Proof. From the condition κ = 0, we have κ∞HH = 0 and
π`0n(v1, . . . , vn) =
∑
p∈P(n)
|B|p||=n−|p|+1
n−1∼pn
(−ħh)n−|p|−1ǫ(p) π`0|p|

vB1 , · · · , vB|p|−1 ,m`
0
 
vB|p|

. (5.24)
Recall that π`01 = IH and π`
0
n =
∑n−2
j=0(−ħh)
jπ`
0( j)
n , where π`
0( j)
n ∈ Hom
 
SnH,H
0
, for all
n≥ 2. For n= 2, we have π`02 = m`
0
2. It follows that m`
0
2 = m`
0
2 = π`
0(0)
2 ∈ Hom
 
S2H,H
0
since π`02 = π`
0
2 ∈ Hom
 
S2H,H
0
. Fix n ≥ 3 and assume that m`0
k
= π`
0(k−2)
k
= m`0
k
∈
Hom
 
SkH,H
0
for 2≤ k < n. Then relation eq. (5.24) can be rewritten as follows:
(−ħh)n−2m`0
n
(v1, . . . , vn) = (−ħh)
n−2π`0(n−2)
n
(v1, . . . , vn)
+
n−3∑
j=0
(−ħh)n−3π`0( j)
n
(v1, . . . , vn)
−
∑
p∈P(n)
|B|p||=n−|p|+1
n−1∼pn
|p|−2∑
j=0
(−ħh)n−|p|+ j−1ǫ(p) π`
0( j)
|p|

vB1 , · · · , vB|p|−1 , m`
0
 
vB|p|

.
The term on the right hand side of the above equality with the highest power in ħh is
(−ħh)n−2π`0(n−2)n . Note also that the right hand side must be divisible by (−ħh)
n−2 since
m`
0
n ∈ Hom
 
Sn−2H⊗S2H,H
0
[[ħh]]. It follows that m`0n = π`
0(n−2)
n = m`
0
n ∈ Hom
 
SnH,H
0
.
Therefore, by induction, we have m`0
n
= m`0
n
∈ Hom
 
SnH,H
0
, for all n≥ 2. ♮
6. Applications to anomaly-free theory
In this subsection, we specialized to an anomaly-free binary QFT algebra, leading to
Theorems 1.1, 1.2 and 1.3 together with some physical interpretations and two algo-
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rithms to compute the universal algebraic structure governing quantum correlations.
We further specialize to the case that H is finite dimensional to discuss relationships
with the notion of special coordinates and the WDDV equation in topological string
theory.
6.1. The algebra governing quantum correlation functions
In this subsection, we consider an anomaly-free binary QFT algebra C [[ħh]]BQFTA = 
C [[ħh]], 1C , · , K

with quantum descendant
 
C [[ħh]], 1C , ℓ

. Fix a classical off-to-on-
shell retraction ( f ,h, s) and let (f,h, s) be a quantization of it. Then (f,h, s) is the data
of a homotopy equivalence between
 
H[[ħh]], 1H , 0

and
 
C [[ħh]], 1C , K

. Let v1, . . . , vn
be homogeneous elements in H.
The results in Section 5.1 specialized to the case κ = 0 can be presented as follows:
Theorem 6.1. There is a distinguished unital sL∞-quasi-isomorphism
φ0 :
 
H[[ħh]], 1H , 0

//
 
C [[ħh]], 1C , ℓ

such that φ01 = f and, for all n≥ 1,
Π0
n
= f ◦ π`0
n
+ K ◦η−1
n
, (6.1)
where Π0
n
∈ Hom
 
SnH,C
0
[[ħh]] is defined by
Π0n(v1, . . . , vn) :=
∑
p∈P(n)
(−ħh)n−|p|ǫ(p)φ0
 
vB1

· . . . ·φ0
 
vB|p|

, (6.2)
and the families π`0 and η−1 have the following properties:
– π`1 = IH and, for all n≥ 2,
π`0n =
n−2∑
j=0
(−ħh) jπ`0( j)n , where π`
0( j)
n ∈ Hom
 
SnH,H)0,
and π`0n+1(v1, . . . , vn, 1H) = π`
0
n+1(v1, . . . , vn), for all n≥ 1;
– η−11 = 0 and, for all n≥ 2,
η−1n =
n−2∑
j=0
(−ħh) jη−1( j)n , where η
−1( j)
n ∈ Hom(S
nH,C )−1
and η−1
n+1(v1, . . . , vn, 1H) = η
−1
n+1(v1, . . . , vn), for all n≥ 1.
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Remark 6.1. The first part of the above theorem establishes that the classical coho-
mology H of an anomaly-free binary QFT algebra, viewed as a topologically-free uni-
tal sL∞-algebra
 
H[[ħh]], 1H , 0

with zero sL∞-structure 0 is quasi-isomorphic to the
quantum descendant unital unital sL∞-algebra
 
C [[ħh]], 1C , ℓ

. Moreover, we have
constructed a particular quasi-isomorphism ϕ and the rest of the theorem is about
its distinguished properties: let ϕ :
 
H[[ħh]], 1H , 0

−→
 
C [[ħh]], 1C , ℓ

be an arbitrary
unital sL∞-quasi-isomorphism and Π
ϕ be the associated family of quantum correla-
tors (which satisfy K ◦Πϕn = 0, for all n ≥ 1). It follows that Π
ϕ
n = f ◦π
ϕ + K ◦η
ϕ
n ,
for all n ≥ 1, where πϕn := h ◦ Π
ϕ
n ∈ Hom
 
S(H),H
0
[[ħh]] and ηϕn := s ◦ Π
ϕ
n ∈
Hom
 
S(H),H
−1
[[ħh]]. However, the families πϕ and ηϕ do not, in general, have the
properties of the families π`0 and η−1. ♮
Remark 6.2. We reproduce the algorithm to determine the families φ0, π`0 and η−1,
which becomes much simpler due to the condition κ = 0. Note that the operator
∇−1/ħh : Hom
 
T (H),C

[[ħh]] → Hom
 
T (H),C

[[ħh]] defined by eq. (4.23) reduces in
the following manner: for any Ω ∈ Hom
 
T (H),C

[[ħh]] whose classical limit Ω satis-
fies K ◦Ω = 0, we have (−ħh)∇−1/ħhΩ= Ω− f ◦ h ◦Ω − K ◦ s ◦Ω.
To begin with, we set
φ01 = f, π`
0
1 = IH , η
−1
1 = 0. (6.3)
Note that Π01 = φ
0
1 . Therefore, we have
Π01 = f ◦ π`
0
1 + K ◦η
−1
1 =⇒ K ◦φ
0
1 = 0. (6.4)
Assume that we have

φ01 , . . . ,φ
0
n−1
π`01, . . . , π`0n−1η−11 , . . . ,η−1n−1	 for n≥ 2, satisfying
the initial conditions eq. (6.3) and, for all k = 1, . . . ,n− 1,
Π0
k
= f ◦ π`0
k
+ Kη−1
k
=⇒
∑
p∈P(k)
ǫ(p) ℓ|p|

φ0
 
vB1

, · · · ,φ
 
vB|p|

= 0. (6.5)
Define Ω0n ∈ Hom
 
SnH,C
0
[[ħh]] and L n ∈ Hom
 
SnH,C
1
[[ħh]] as follows:
Ω0n(v1, . . . , vn) :=
∑
p∈P(n)
|p|6=1
(−ħh)n−|p|ǫ(p)φ0
 
vB1

· . . . ·φ0
 
vB|p|

,
L n(v1, . . . , vn) :=
∑
p∈P(n)
|p|6=1
ǫ(p) ℓ|p|

φ0
 
vB1

, · · · ,φ
 
vB|p|

.
From eq. (6.5) and the definition of ℓ1, . . . , ℓn, we obtain that
K ◦Ω0
n
= (−ħh)n−1L n.
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Define
 
Ω0n
[ j]
∈ Hom
 
SnH,C
0
[[ħh]] for j = 0,1, . . . ,n−1, by starting with
 
Ω0n
[0]
=
Ω0n and then recursively definining
 
Ω0n
[i+1]
=∇−1/ħh
 
Ω0n
[i]
, i = 0, . . . ,n− 2, so that
we have
(−ħh)
 
Ω0n
[i+1]
=
 
Ω0n
[i]
− f ◦ π`0(i)n − K ◦η
−1(i)
n ,
where
π`0(i)n := h ◦
 
Ω0n
[i]
∈ Hom
 
SnH,H
0
,
η−1(i)n := s ◦
 
Ω0n
[i]
∈ Hom
 
SnH,C
−1
,
(6.6)
and
 
Ω0n
[i]
∈ Hom
 
SnH,C
0
denotes the classical limit of
 
Ω0n
[i]
. We remark that
K ◦
 
Ω0
n
[ j]
= (−ħh)n−1− j L n for j = 0, . . . ,n−1, and K ◦
 
Ω0
n
[i]
= 0 for i = 0, . . . ,n−2.
It follows that
(−ħh)n−1
 
Ω0n
[n−1]
= Ω0n −
n−2∑
i=0
(−ħh)if ◦ π`0(i)n −
n−2∑
i=0
(−ħh)i K ◦η−1(i)n .
Finally, we set
φ0
n
= −
 
Ω0
n
[n−1]
, π`0
n
=
n−2∑
i=0
(−ħh)iπ`0(i)
n
, η−1
n
=
n−2∑
i=0
(−ħh)iη−1(i)
n
, (6.7)
and obtain
−(−ħh)n−1φ0n = Ω
0
n − f ◦ π`
0
n − K ◦η
−1
n =⇒ K ◦φ
0
n + L n = 0.
From Π0n = Ω
0
n + (−ħh)
n−1φ0n, it follows that
Π0n = f ◦ π`
0
n + Kη
−1
n =⇒
∑
p∈P(n)
ǫ(p) ℓ|p|

φ0
 
vB1

, · · · ,φ
 
vB|p|

= 0. (6.8)
This concludes the construction of our well-defined algorithm to determine the fam-
ilies φ0, π`0 and η−1. ♮
Now we turn to some physical interpretations of Theorem 6.1.
Due to the condition κ = 0, we now call a homogeneous element v ∈ H simply
an observable and 〈f(v)〉〉c := c
 
f(v)

∈ |[[ħh]] the quantum expectation value of the
observable v with respect to the quantum expectation c — a pointed cochain map
from
 
C [[ħh]], 1C , K

to
 
|[[ħh]], 1C , 0

. From K ◦f = 0, it follows that c
 
f(v)

depends
only on the homotopy type of c for all v ∈ H. We also call c ◦ f ∈ Hom
 
H,|
0
[[ħh]] the
on-shell quantum expectation with respect to c.
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We call Π0 = Π01,Π
0
2, . . . the family of level 0 quantum correlators. For example,
Π01 =φ
0
1 ,
Π02(v1, v2) =φ
0
1(v1) ·φ
0
1(v2) + (−ħh)φ
0
2(v1, v2),
Π03(v1, v2, v3) =φ
0
1(v1) ·φ
0
1(v2) ·φ
0
1(v3) + (−ħh)φ
0
1(v1) ·φ
0
2(v2, v3)
+ (−ħh)(−1)|v1 ||v2|φ01(v2) ·φ
0
2(v1, v3) + (−ħh)φ
0
2(v1, v2) ·φ
0
2(v3)
+ (−ħh)2φ03(v1, v2, v3),
We call c ◦ Π0 the family of level 0 quantum correlation functions with respect to c.
From eq. (6.1), we have K ◦Π0
n
= 0 so that c ◦Π0
n
∈ Hom
 
SnH,|
0
[[ħh]] depends only
on the homotopy type of c. This also implies that, for all n≥ 1,
c ◦Π0n = c ◦ f ◦ π`
0
n. (6.9)
Therefore the whole family c ◦Π0 of level 0 quantum correlation functions is deter-
mined by the on-shell quantum expectation c◦ f and the family π`0. Note that c◦ f is a
formal power series in ħh so that there may be divergence issues if we try to evaluate
ħh away from zero. On the other hand π`n is at most an order n − 2 polynomial in ħh
for n≥ 2, and it is the family π`0 that governs quantum correlations.
For any set of observables {v1, . . . , vk}, we can define the associated family of joint
quantum moments (at level zero) as follows:¦

Π0n(v j1 , . . . , v jn)

c
= c ◦Π0n(v j1 , . . . , v jn)
n≥ 1 ; 1≤ j1, . . . , jn ≤ k©. (6.10)
Then, the joint quantum distribution of the set {v1, . . . , vk} of observables can be
defined as a |-linear map
µˆ : |[t1, . . . , tk]→ |[[ħh]]
as follows. For any monomial t j1 · · · t jn in |[t1, . . . , tk] satisfying 1 ≤ j1, . . . , jn ≤ k,
we have
µˆ
 
t j1 · · · t jn

=


Π0
n
(v j1 , . . . , v jn)

c
.
It is clear that µˆ is determined completely by the family of joint quantum moments
which is conveniently described by its generating function
Z(t1, . . . , tk) =
*
e
−
1
ħh
Θ(γ)
+
c
= 1+
∞∑
n=1
1
n!(−ħh)n


Π0n(γ, . . . ,γ)

c
∈ |[[t1, . . . , tk]]((ħh)),
80 Jae-Suk Park
where γ=
∑k
i=1 t ivi and
Θ(γ) =
∞∑
n=1
1
n!
φn(γ, . . . ,γ) =
∞∑
n=1
∑
1≤ j1 ,..., jn≤k
1
n!
t j1 · · · t jnφn(v j1 , . . . , v jn).
Then, we have
µˆ
 
t j1 · · · t jn

= (−ħh)n
∂ nZ(t1, . . . , tk)
∂ t j1 · · ·∂ t jn

t1,...,tk=0
.
An important part of the results in Section 5.2, specialized to the case κ = 0, can now
be presented as follows.
Theorem 6.2. Let m`0n := π`
0(n−2)
n ∈ Hom
 
SnH,H
0
for n ≥ 2. Then the family m`0 =
m`02, m`
0
3, . . . determines the family π`
0 recursively with initial condition π`01 = IH along
with the following equation for n≥ 2:
π`0n(v1, . . . , vn) =
∑
p∈P(n)
|B|p||=n−|p|+1
n−1∼pn
(−ħh)n−|p|−1ǫ(p) π`0|p|

vB1 , · · · , vBp−1 , m`
0
 
vB|p|

. (6.11)
Moreover, there is a distinguished family φ−1 = φ−12 ,φ
−1
3 , . . . of φ
−1
n in Hom
 
Sn−2 ⊗
S2H,C
−1
[[ħh]] so that φ−12 = η
−1
2 and , for all n≥ 2,
M
0
n = f ◦ m`
0
n + K ◦φ
−1
n , (6.12)
where M0
n
∈ Hom
 
Sn−2H ⊗ S2H,C
0
[[ħh]] is defined as follows:
M
0
n
(v1, . . . , vn) =(−ħh)φ
0
n
(v1, . . . , vn) +
∑
p∈P(n)
|p|=2
n−1≁pn
ε(p)φ0
 
vB1

·φ0
 
vB2

−
∑
p∈P(n)B|p|=n−|p|+1
n−1∼pn
|p|6=1
ǫ(p)φ0|p|

vB1 , . . . , vB|p|−1 , m`
0(vB|p|)

−
∑
p∈P(n)
|Bi |=n−|p|+1
n−1∼pn
|p|6=1
ǫ(p)ℓ|p|

φ0(J vB1), . . . ,φ
0(J vB|p|−1),φ
−1(vB|p|)

.
(6.13)
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Remark 6.3. One significance to this theorem is that it suggests a different method
than the one in Remark 6.2 to compute the family π`0.
For n ≥ 1 let ℓn be the classical limit of ℓn — note that ℓ1 = K . Then
 
C , 1C ,ℓ

is a
unital sL∞-algebra over |. Let φ
0
n
be the classical limit of φ0
n
for n ≥ 1 — note that
φ01 = f . Then φ
0 :
 
H, 1H , 0

//
 
C , 1C ,ℓ

is a distinguished unital sL∞-quasi-
isomorphism. Let φ−1n be the classical limit of φ
−1
n for n≥ 2. Then, from the classical
limit of eq. (6.12), we obtain
M0n = f ◦ m`
0
n + K ◦φ
−1
n , (6.14)
for n≥ 2, where
M0n (v1, . . . , vn)
=
∑
p∈P(n)
|p|=2
n−1≁pn
ε(p)φ
 
vB1

·φ
 
vB2

−
∑
p∈P(n)B|p|=n−|p|+1
n−1∼pn
|p|6=1
ǫ(p)φ|p|

vB1 , . . . , vB|p|−1 , m`
0(vB|p|)

+
∑
p∈P(n)
n−1∼pn
|p|6=1
ǫ(p)ℓ|p|

φ
 
J vB1

, . . . ,φ
 
J vB|p|−1

,φ−1
 
vB|p|

.
The relation eq. (6.14) implies that K◦Mn = 0 and m`
0
n
= h◦Mn for all n≥ 2. Therefore
we can determine the family m`0, (and hence the family π`0) via eq. (6.11), by taking
the classical K cohomology class of the family M0. Note that Mn ∈ Hom
 
Sn−2H ⊗
S2H,C
0
, while m`0n = h ◦Mn ∈ Hom
 
SnH,H
0
. ♮
Remark 6.4. Note that the recursive definition of Mn depends only on the three fam-
ilies

φ01 , . . . ,φn−1
	
, {φ−12 , . . . ,φ
−1
n−1
	
, and {m`02, . . . , m`
0
n−1}. For example, we have
M02 (v1, v2) =φ
0
1(v1) ·φ
0
1(v2),
M03 (v1, v2, v3) =φ
0
2(v1, v2) ·φ
0
1(v3) + (−1)
|v1||v2|φ01(v2) ·φ
0
2(v1, v3)−φ
0
2
 
v1, m`
0
2(v2, v3)

+ ℓ2
 
J v1,φ
−1
2 (v2, v3)

,
etc. Recall that the combined classical limit
 
C , 1C , · ,ℓ

of a binary QFT algebra
and its quantum descendant unital sL∞-algebra is called a binary CFT algebra. (See
Lemma 2.11). The unital CDGA part
 
C , 1C , ·K

induces the structure of a unital
Z-graded commutative and associative algebra on H, whose product is exactly m`02
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— from φ1 = f , we have M
0
2 (v1, v2) = f (v1) · f (v2) and m`
0
2 = h ◦ M
0
2 defines the
Z-graded commutative and associative algebra (H, 1H , m`
0
2).
Note that f = φ01 : (H, 1H , m`
0
2) → (C , 1H , · ,K) is both a pointed cochain quasi-
isomorphism and an algebra homomorphism up to the homotopy φ−12 by eq. (6.14):
φ01
 
m`02(v1, v2)

−φ01(v1) ·φ
0
1(v2) = −Kφ
−1
2 (v1, v2) (6.15)
Note also that (H, 1H , 0) is a unital sL∞-algebra with zero sL∞-structure 0, and
ℓ2
 
φ01(v1),φ
0
1(v2)

= −Kφ02(v1, v2). (6.16)
Finally, note that ℓ2 is a derivation of the product ·. Therefore, we have the following
identity:
ℓ2
 
φ01(v1),φ
0
1(v2) ·φ
0
1(v3)

=ℓ2
 
φ01(v1),φ
0
1(v2)

·φ01(v3)
+ (−1)|v1||v2|φ01(v2) · ℓ2
 
φ01(J v1),φ
0
1(v3)

.
Substituting eq. (6.15) and eq. (6.16) into this equation, we obtain that K ◦M3 = 0.
Therefore, we may call m`03 = h◦M3 the compatibility class between the product · and
the bracket ℓ2. ♮
Theorem 6.3. The family m`0 = m`02, m`
0
3, . . . has the following properties:
– (symmetry): m`0
n
∈ Hom
 
SnH,H
0
, for all n≥ 2;
– (unity): m`02(1H , v1) = v1, while m`
0
n+1(1H , v1, . . . , vn) = 0 for all n≥ 2;
– (generalized associativity): for all n ≥ 0 and homogeneous v1, . . . , vn,w1,w2,w3 ∈
H, we have∑
ς⊂[n]
ǫ(ς⊔ ςc)m`0
 
vς ⊙ m`
0(vςc ⊙w1 ⊙w2)⊙w3

=
∑
ς⊂[n]
ǫ(ς⊔ ςc)(−1)|vςc ||u1|m`0
 
vς ⊙w1 ⊙ m`
0(vςc ⊙w2 ⊙w3)

,
where the sums are over all subsets ς ⊂ [n] of the set [n] = {1,2, . . . ,n}, as ordered
sets, we use ςc to denote the complement of ς, we use |ς| for the number of elements
in ς, we write vς = v j1 ⊗ . . .⊗ v j|ς| if ς= { j1, . . . , j|ς|}, j1 < . . . < j|ς|, and ǫ(ς⊔ ς
c) is
notation for the Koszul sign for the permutation σˇ (v1 ⊗ . . .⊗ vn) = vς ⊗ vςc .
Proof. The symmetry is obvious since m`0n = π`
0(n−2)
n ∈ Hom(S
nH,H)0. We can also
deduce that m`02(v, 1H) = v and m`
0
n+1(v1, . . . , vn, 1H) = 0 if n ≥ 2 from the property
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that π0
n+1(v1, . . . , vn, 1H) = π
0
n
(v1, . . . , vn), for all n ≥ 1. It remains to show general-
ized associativity, which follows from π`0 ∈ Hom
 
S(H),H
0
[[ħh]]. Note that the set of
relations in eq. (6.11) is equivalent to π`02 = m`
0
2 and, for all n≥ 0,
π`0
n+3(v1, . . . , vn,w1,w2,w3)
=
∑
ς⊂[n]
ǫ(ς⊔ ςc)(−ħh)|ς
c |+1π`0
 
vς ⊙ m`
0
 
vςc ⊙w1 ⊙w2 ⊙w3

+
∑
ς⊂[n]
ǫ(ς⊔ ςc)(−1)|w1||vςc |(−ħh)|ς
c |π`0
 
vς ⊙w1 ⊙ m`
0
 
vςc ⊙w2 ⊙w3

.
Then, from π`0
n+3(v1, . . . , vn,w1,w2,w3) = (−1)
|w1||w2|π`0
n+3(v1, . . . , vn,w2,w1,w3) and
the symmetry of m`0, we obtain that∑
ς⊂[n]
ǫ(ς⊔ ςc)(−1)|w1||vςc |(−ħh)|ς
c |π`0
 
vς ⊙w1 ⊙ m`
0
 
vςc ⊙w2 ⊙w3

= (−1)|w1||w2|
∑
ς⊂[n]
ǫ(ς⊔ ςc)(−1)|w2||vςc |(−ħh)|ς
c |π`0
 
vς ⊙w2 ⊙ m`
0
 
vςc ⊙w1 ⊙w3

.
Then the relation π`0(n−2)n = m`
0
n implies that∑
ς⊂[n]
ǫ(ς⊔ ςc)(−1)|w1||vςc |m`0
 
vς ⊙w1 ⊙ m`
0
 
vςc ⊙w2 ⊙w3

=(−1)|w1||w2|
∑
ς⊂[n]
ǫ(ς⊔ ςc)(−1)|w2||vςc |m`0
 
vς ⊙ w2 ⊙ m`
0
 
vςc ⊙w1 ⊙w3

.
The right hand side of the above equality is equivalent to
(−1)|w1|(|w2|+|w3|)
∑
ς⊂[n]
ǫ(ς⊔ ςc)(−1)|w2||vςc |m`0
 
vς ⊙w2 ⊙ m`
0
 
vςc ⊙w3 ⊙w1

= (−1)|w1|(|w2|+|w3|)+|w2||w3|
∑
ς⊂[n]
ǫ(ς⊔ ςc)(−1)|w3||vςc |m`0
 
vς ⊙w3 ⊙ m`
0
 
vςc ⊙w2 ⊙w1

= (−1)(|w1|+|w2|)|w3|
∑
ς⊂[n]
ǫ(ς⊔ ςc)(−1)|w3||vςc |m`0
 
vς ⊙w3 ⊙ m`
0
 
vςc ⊙w1 ⊙w2

=
∑
ς⊂[n]
ǫ(ς⊔ ςc)m`0
 
vς ⊙ m`
0
 
vςc ⊙w1 ⊙w2

⊙w3

,
so that we have generalized associativity. ♮
Definition 6.1. We call the triple
 
H, 1H , m`
0

the on-shell quantum correlation algebra
of the anomaly-free binary QFT algebra C [[ħh]]BQFTA and call π`
0 the family of iterated
quantum correlation products generated by m`0.
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A large portion of Section 5.2 can be viewed as an algorithm to determine the distin-
guished family φ−1 in Theorem 6.2 if we specialize to the case κ = 0.
Theorem 6.4. There are families π`−1 = π`−12 , π`
−1
3 , . . . and η
−2 = η−22 ,η
−2
3 , . . . such
that, for all n≥ 2,
Π−1
n
= f ◦ π`−1
n
+ K ◦η−2
n
, (6.17)
where
Π−1n (v1, . . . , vn) := η
−1
n
 
v1, . . . , vn

−
∑
p∈P(n)
n−1∼pn
(−ħh)n−|p|−1ǫ(p)φ0
 
J vB1

· · ·φ0
 
J vB|p|−1

·φ−1(vB|p|)
−
∑
p∈P(n)
|B|p||=n−|p|+1
n−1∼pn
(−ħh)n−|p|−1ǫ(p)η−1|p|

vB1 , · · · , vBp−1 , m`
0
 
vB|p|

,
(6.18)
and
– we have π`−12 = 0 and, for all n≥ 3,
π`−1
n
=
n−3∑
j=0
(−ħh) jπ`−1( j)
n
, where π`−1( j)
n
∈ Hom
 
Sn−2H ⊗ S2H,H)0
and π`−1n (v1, . . . , vn) = 0 whenever vi = 1H ;
– we have η−22 = 0 and, for all n≥ 3,
η−2n =
n−3∑
j=0
(−ħh) jη−2( j)n , where η
−2( j)
n ∈ Hom(S
nH ⊗ S2H,C )−2
and η−2n (v1, . . . , vn, ) = 0 whenever vi = 1H .
Note that Π−1
n
∈ Hom
 
Sn−2H⊗S2H,C
−1
[[ħh]], for all n≥ 2. The relation in eq. (6.17)
implies that K ◦ Π−1n = 0, for all n ≥ 3. It follows that c ◦ Π
−1
n depends only on the
homotopy type of the quantum expectation c. We call the family Π−1 = Π−12 ,Π
−1
3 , . . .
the level one quantum correlators and c◦Π−1 the family of level one quantum correlation
functions with respect to c. The relation of eq. (6.17) also implies that, for all n≥ 2,
c ◦Π−1n = c ◦ f ◦ π`
−1
n , (6.19)
so that the n-fold level one quantum correlation function c◦Π−1n is determined by the
on-shell quantum expectation c◦f and π`−1
n
, which is at most a degree n−3 polynomial
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in ħh. The physical interpretation of c◦Π−1 remains elusive but we have presented an
algorithm to determine the family π`−1. With some effort, one can obtain Theorem
6.2 as the appropriate integrability condition of this theorem.
Remark 6.5. We reproduce the algorithm to determine the families φ−1, π`−1 andη−2,
which become much simpler due to the condition κ = 0.
Set
φ−12 = η
−1
2 , π`
−1
2 = 0, η
−2
2 = 0. (6.20)
Note that Π−12 =η
−1
2 −φ
−1
2 = 0. Therefore, we have

Π−12 = f ◦ π`
−1
2 + K ◦η
−2
2 ,
M
0
2 = f ◦ m`
0
2 + K ◦φ
−1
2 ,
π`02 = m`
0
2,
(6.21)
where we used π02 = m`2 and M
0
2(v1, v2) := (−ħh)φ
0
2(v1, v2) + φ
0
1(v1) · φ
0
1(v2) =
Π02(v1, v2).
Assume that we have

φ−12 , . . . ,φ
−1
n−1
π`−12 , . . . , π`−1n−1η−22 , . . . ,η−1n−1	 for n≥ 3 satisfy-
ing the initial conditions of eq. (6.20) and, for all k = 2, . . . ,n− 1,
Π−1
k
= f ◦ π`−1
k
+ Kη−2
k
,
M
0
k
= f ◦ m`0
k
+ K ◦φ−1
k
,
π`k(v1, . . . , vk) =
∑
p∈P(k)
|B|p||=k−|p|+1
k−1∼pk
(−ħh)k−|p|−1ǫ(p) π`|p|

vB1 , · · · , vBp−1 , m`
 
vB|p|

. (6.22)
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Define Ω−1n ∈ Hom
 
Sn−2H⊗S2H,C
−1
[[ħh]] and `̟ 0n ∈ Hom
 
Sn−2H⊗S2H,H
0
[[ħh]] as
follows:
Ω−1n (v1, . . . ,vn) := η
−1
n
 
v1, . . . , vn

−
∑
p∈P(n)
n−1∼pn
|p|6=1
(−ħh)n−|p|−1ǫ(p)φ0
 
J vB1

· · ·φ0
 
J vB|p|−1

·φ−1(vB|p|)
−
∑
p∈P(n)
|B|p||=n−|p|+1
n−1∼pn
(−ħh)n−|p|−1ǫ(p) η−1|p|

vB1 , · · · , vBp−1 , m`
0
 
vB|p|

,
`̟ 0n(v1, . . . ,vn) := π`
0
n(v1, . . . , vn)
−
∑
p∈P(n)
|B|p||=n−|p|+1
n−1∼pn
|p|6=1
(−ħh)n−|p|−1ǫ(p) π`0|p|

vB1 , · · · , vBp−1 , m`
0
 
vB|p|

.
Note that we have
`̟ 0n =
n−2∑
i=0
(−ħh)i `̟ 0(i)n , where `̟
0(i)
n ∈ Hom
 
Sn−2H ⊗ S2H,H
0
,
and `̟ 0(n−2)n = π`
0(n−2)
n = m`
0
n.
From eq. (6.22) and the definition of ℓ1, . . . , ℓn, we obtain that
K ◦Ω−1n = (−ħh)
n−2
M
0
n − f ◦ `̟
0
n. (6.23)
Note that the classical limit of this equation is K ◦Ω−1
n
= − f ◦ `̟ 0(0)
n
, which implies
that K ◦Ω−1n = 0 and `̟
0(0)
n = 0. Therefore, we have
K ◦Ω−1n = (−ħh)
n−2
M
0
n −
n−2∑
i=1
(−ħh)if ◦ `̟ 0(i)n . (6.24)
Set
 
Ω−1n
[0]
:= Ω−1n and
 
Ω−1n
[1]
:= ∇−1/ħh
 
Ω−1n
[0]
∈ Hom
 
Sn−2H ⊗ S2H,C
−1
[[ħh]],
so that we have
(−ħh)
 
Ω−1n
[1]
=
 
Ω−1n
[0]
−f◦π`−1(0)n −K ◦η
−2(0)
n , where
(
π`−1(0)
n
:= h ◦
 
Ω−1
n
[0]
,
η−2(0)
n
:= s ◦
 
Ω−1
n
[0]
.
From eq. (6.24), we have
K ◦
 
Ω−1n
[1]
= (−ħh)n−3M0n −
n−2∑
i=1
(−ħh)i−1f ◦ `̟ 0(i)n , (6.25)
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and the classical limit for n > 3 is then K ◦
 
Ω−1n
[1]
= −f ◦ `̟ 0(1)n , which implies
that K ◦
 
Ω−1n
[1]
= 0 and `̟ 0(1)n = 0. Working inductively after setting
 
Ω−1n
[i+1]
:=
∇−1/ħh
 
Ω−1
n
[i]
, we can check that K ◦
 
Ω−1
n
[i]
= 0 and `̟ 0(i)
n
= 0 for i = 0, . . . ,n−3.
It follows that
(−ħh)n−2
 
Ω−1n
[n−2]
= Ω−1n −
n−3∑
i=0
(−ħh)if ◦ π`−1(i)n −
n−3∑
i=0
(−ħh)i K ◦η−2(i)n ,
K ◦
 
Ω−1
n
[n−2]
= M0
n
− f ◦ m`0
n
,
`̟ 0(n−2)n = m`
0
n,
(6.26)
where
π`−1(i)n := h ◦
 
Ω−1n
[i]
in Hom
 
Sn−2H ⊗ S2H,H
−1
,
η−2(i)n := s ◦
 
Ω−1n
[i]
in Hom
 
Sn−2H ⊗ S2H,C
−2
,
and
 
Ω0
n
[i]
∈ Hom
 
Sn−2H ⊗ S2H,C
0
denotes the classical limit of
 
Ω0
n
[i]
.
Finally, we set
φ−1
n
=
 
Ω−1
n
[n−2]
, π`−1
n
=
n−3∑
i=0
(−ħh)iπ`−1(i)
n
, η−2
n
=
n−3∑
i=0
(−ħh)iη−2(i)
n
, (6.27)
and note that Π−1n = Ω
−1
n + (−ħh)
n−2φ−1n . Then, from eq. (6.26), we conclude that
Π−1
n
= f ◦ π`−1
n
+ Kη−2
n
,
M
0
n = f ◦ m`
0
n + K ◦φ
−1
n ,
π`n(v1, . . . , vn) =
∑
p∈P(n)
|B|p||=n−|p|+1
n−1∼pn
(−ħh)n−|p|−1ǫ(p) π`|p|

vB1 , · · · , vBp−1 , m`
 
vB|p|

.
Therefore, we have a well-defined algorithm to determine the families φ−1, π`−1 and
η−2. ♮
Before leaving this subsection, we prove Theorem 1.4.
Consider an another binary QFT algebraC ′[[ħh]]BQFTA =
 
C ′[[ħh]], 1C ′ , ·
′ , K ′

which is
homotopy equivalent to our binary QFT algebraC [[ħh]]BQFTA. Realize this equivalence
by a quasi-isomorphism f :C [[ħh]]BQFTA // C
′[[ħh]]BQFTA of binary QFT algebras. It
is obvious that C ′[[ħh]]BQFTA is also anomaly-free, and we will use the induced isomor-
phism H(f(0)) : H → H ′ to identify H ′ with H. Write
 
C ′[[ħh]], 1C ′ , ℓ
′

for the quantum
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descendant, and let ψ :
 
C [[ħh]], 1C , ℓ

//
 
C ′[[ħh]], 1C ′ , ℓ
′

be the quantum de-
scendant of f which is a quasi-isomorphism of the unital sL∞-algebras. Then, by
definition, we have
f ◦π= π′ ◦ Ψψ, (6.28)
where π(x 1⊙ . . .⊙x n) := x 1 · . . . · x n and π
′(x ′1⊙ . . .⊙x
′
n) := x
′
1 ·
′ . . . ·′ x ′n for all
n≥ 1, x 1, . . . , x n ∈ C [[ħh]] and x
′
1, . . . , x
′
n ∈ C [[ħh]]. Consider the distinguished sL∞-
quasi-isomorphism φ0 :
 
H[[ħh]], 1H , 0

//
 
C [[ħh]], 1C , ℓ

of Theorem 6.1. Recall
that the definition of the associated family Π0 of level zero quantum correlators is
equivalent to Π0 := π ◦Ψφ0 ∈ Hom
 
S(H)C
0
[[ħh]] and, from eq. (6.1), we have
π ◦ Ψφ0 = f ◦ π`
0 + K ◦η−1. (6.29)
Now we consider the following unital sL∞-quasi-isomorphism
φ′0 :=ψ •φ0 :
 
H[[ħh]], 1H , 0

//
 
C ′[[ħh]], 1C ′ , ℓ
′

and the associated family Π′0 of level zero quantum correlators, whose defintion is
equivalent to Π′0 := π′ ◦ Ψφ′0 ∈ Hom
 
S(H)C ′
0
[[ħh]]. From the combination of the
equation Ψφ′0 = Ψψ•φ0 = Ψψ◦Ψφ0 , eq. (6.28), eq. (6.29), and f◦K = K
′◦f, we obtain
the following:
Π′0 =π′ ◦ Ψψ ◦Ψφ0 = f ◦π ◦Ψφ0 = f ◦
 
f ◦ π`+ K ◦η−1

= f ◦ f ◦ π`+ K ′ ◦ f ◦η−1
=f′ ◦ π`+ K ′ ◦η′−1,
where f′ := f ◦ f and η′−1 := f ◦ η−1. Therefore, under the isomorphism H[[ħh]] ∼=
H ′[[ħh]], we can identify φ′0 :=ψ•φ0 and Π′0 with a distinguished unital sL∞-quasi-
isomorphism from
 
H ′[[ħh]], 1H′ , 0

to
 
C ′[[ħh]], 1C ′ , ℓ
′

and the associated family of
level zero quantum correlators. It follows that a homotopy equivalence of anomaly-
free binary QFT algebras induces an isomorphism of on-shell quantum correlation
algebras and, in particular, sends a quantum structure to a quantum structure.
6.2. Relations with the WDDV equation
In the remaining part of this subsection, we further specialize to the case that H is
finite dimensional as a Z-graded vector space. We shall see some interesting aspects
of our solutions.
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Assume that H is finite dimensional. Choose homogeneous coordinates tH = {t
α} so
that {∂α = ∂ /∂ t
α} form a basis of H and ∂0 = 1H . Extend {∂α} as a derivation of
|[[tH ]]
∼= bS(H∗), which is the completed symmetric algebra generated by the dual
Z-graded vector space H∗.
Using the unital sL∞-quasi-morphism φ
0 :
 
H[[ħh]], 1H , 0

//
 
C [[ħh]], 1C , ℓ

of
Theorem 6.1, we define
Θ :=
∞∑
n=1
1
n!
tαn · · · tα1φ0n(∂α1 , . . . ,∂αn) ∈
 
|[[tH]]b⊗C 0[[ħh]].
Then, by the property that φ0 is a unital sL∞-morphism, we obtain that
KΘ +
∑
n≥2
1
n!
ℓn
 
Θ, . . . ,Θ

= 0⇐⇒ Ke−
1
ħhΘ = 0,
∂0Θ = 1C ⇐⇒ (−ħh)∂0e
−
1
ħhΘ = e−
1
ħhΘ.
(6.30)
From the property that φ1 :
 
H[[ħh]], 1H , 0

→
 
C [[ħh]], 1C , K

is a cochain quasi-
isomorphism, we see that Θ is a universal solution to the Maurer–Cartan equation of
the unital sL∞-algebra
 
C [[ħh]], 1C , ℓ

. We also have the following identity:
e−
1
ħhΘ = 1C +
∞∑
n=1
1
(−ħh)n
1
n!
tρn · · · tρ1Π0n
 
∂ρ1 , . . . ,∂ρn

. (6.31)
Therefore e−
1
ħhΘ is a generating function of the family Π0 of level 0 quantum correla-
tors. From the families π`0 and η−1 in Theorem 6.1, define
T`
γ
:= tγ +
∞∑
n=2
1
n!(−ħh)n−1
tρn · · · tρ1π`0ρ1···ρn
γ ∈ |[[tH]][[ħh
−1]],
Σ :=
∞∑
n=2
1
(−ħh)n−1
1
n!
tρn · · · tρ1η−1n (∂ρ1 , . . . ,∂ρn) ∈
 
|[[tH ]]⊗ˆC

[[ħh−1]]−1,
where

π`0α1···αn
γ
	
∈ |[[ħh]] are structure constants, i.e., π`0
n
 
∂α1 , . . . ,∂αn

= π`0α1···αn
γ∂γ
and tρ = (−1)gh(∂ρ) tρ . It is easy to check that the relation of eq. (6.1) is equivalent
to the following identity:
e−
1
ħhΘ = 1C +
1
(−ħh)
T`
γ
f(eγ) +
1
(−ħh)
KΣ. (6.32)
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From the property that π`0
n+1(v1, . . . , vn, 1H) = π`
0
n+1(v1, . . . , vn) for all n ≥ 1, we also
have
∂0 T`
γ
= δ0
γ −
1
ħh
T`
γ
. (6.33)
Note that eq. (6.32) and eq. (6.33) imply the relations in eq. (6.30).
We emphasis that both T`
γ
andΣ are formal power series in ħh−1 = 1/ħh, since both π`0n
and η−1
n
are polynomials in ħh with degree at most n−2 for n≥ 2. These both follow
from φ0 being a distinguished sL∞-quasi-morphism.
Remark 6.6. Let ϕ :
 
H[[ħh]], 1H , 0

¹¹Ë
 
C [[ħh]], 1C , ℓ

, be an arbitrarily chosen sL∞-
quasi-isomorphism. We may regard ϕ as a universal homotopical family of quantum
observables — let Πϕ be the associated family of quantum correlators. Then we also
have a universal solution to the Maurer–Cartan equation of the unital sL∞-algebra 
C [[ħh]], 1C , ℓ

given by Θϕ :=
∑∞
n=1
1
n!
tαn · · · tα1ϕn(∂α1 , . . . ,∂αn), and e
−
1
ħhΘ is a gen-
erating function of Πϕ :
e−
1
ħhΘ = 1C +
∞∑
n=1
1
(−ħh)n
1
n!
tρn · · · tρ1Πϕn
 
∂ρ1 , . . . ,∂ρn

.
From K ◦Πϕn = 0 for all n≥ 1, we have Π
ϕ
n
 
∂ρ1 , . . . ,∂ρn

= π
ϕ
ρ1···ρn
γϕ1(∂γ)+ Kη
ϕ
ρ1···ρn
for some πϕρ1···ρn
γ ∈ |[[ħh]] and ηϕρ1···ρn ∈ C
−1[[ħh]]. Let
Tγϕ := t
γ +
∞∑
n=2
1
n!(−ħh)n−1
tρn · · · tρ1πϕρ1···ρn
γ,
Σϕ :=
∞∑
n=2
1
(−ħh)n−1
1
n!
tρn · · · tρ1ηϕ
n
(∂ρ1 , . . . ,∂ρn).
Then we have the identity e−
1
ħhΘ
ϕ
= 1C +
1
(−ħh)
T
γ
ϕϕ1(eγ) +
1
(−ħh)
KΣϕ . On the other
hand, T γϕ is a formal Laurent series in ħh in general.
Let ϕ˜ ∼ ϕ be another unital sL∞-quasi-morphism homotopic to ϕ . Then Θ
ϕ˜ is an-
other universal solution to the Maurer–Cartan equation but is gauge equivalent to
Θϕ and we have T γϕ = T
γ
ϕ˜ . A gauge equivalence class of such universal solutions
can be viewed as a choice of affine coordinates on the based formal moduli space
Mo defined by the Maurer–Cartan functor of the unital sL∞-algebra. Therefore, our
distinguished unital sL∞-quasi-morphism φ
0 defines a distinguished choice of affine
coordinates onMo, which we call the quantum coordinates. ♮
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From the family m`0 in Theorem 6.2, we define
A`αβ
γ = m`0αβ
γ +
∞∑
n=1
1
n!
tρn · · · tρ1m`0αβρ1···ρn
γ ∈ |[[tH]],
where

m`0α1···αn
γ
	
∈ | is defined by m`0n
 
∂α1 , . . . ,∂αn

= m`0α1···αn
γ∂γ. Then, we can
check that the formula of eq. (6.11), relating m`0 and π`0, implies the following iden-
tity:
ħh∂α∂β T`
γ
− A`αβ
ρ∂ρ T`
γ
= 0. (6.34)
From the family φ−1 in Theorem 6.2, we define
Λβγ :=
∞∑
n=0
1
n!
tρn · · · tρ1φ−1
n+2(∂α,∂β ,∂ρ1 , . . . ,∂ρn) ∈
 
|[[tH]]⊗ˆC
gh(∂α)+gh(∂β )−1
[[ħh]].
Then, it can be checked that the relation of eq. (6.12) is equivalent to the following
identity:
(−ħh)2∂α∂β e
−
1
ħhΘ = (−ħh)A`αβ
γ∂γe
−
1
ħhΘ + K

e−
1
ħhΘ ·Λαβ

. (6.35)
From the property of the family m`0 in Theorem 6.3, we obtain that

A`αβ
γ
	
has the
following properties:
– unity: A`0β
γ = δβ
γ,
– symmetry: A`αβ
γ = (−1)|t
α||tβ |A`βα
γ and ∂αA`βγ
σ = (−1)|t
α||tβ |∂β A`αγ
σ,
– generalized associativity: A`αβ
ρA`ργ
σ = A`βγ
ρA`αρ
σ,
so that
 
|[[tH]],∂0,⋄

, where ∂α ⋄ ∂β := A`αβ
γ∂γ, is a unital super-commutative as-
sociative algebra over |[[tH]]. This kind of structure is related to that of a Frobe-
nius manifold. The notion of a formal Frobenius super-manifold [9,14] originated in
Saito’s flat structure [18] in the context of singularity theory and the WDVV equation
[8,24] associated with topological string theories. The homologyH doesn’t quite have
the structure of a formal Frobenius super-manifold, but rather a formal F -manifold,
which is the same thing as a formal Frobenius super-manifold without the invariant
metric or inner product [13].
Example 6.1. Let L = C[x0, . . . , xN ] and Scl ∈ L . Introduce η0, . . . ,ηn with gh = −1
such that ηi · x j = x j ·ηi and ηi ·η j = −η j ·ηi . LetC = |[x0, . . . , xn,η1, . . . ,ηn]which
is a unital Z-graded commutative associative algebra
 
C , 1C , ·

with 1C = 1. Note
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that C 0 =L and the ghost numbers of C are concentrated in non-positive integers.
Define the following |-linear operators of ghost number 1:
∆ :=
N∑
i=0
∂ 2
∂ ηi∂ x i
, K :=
N∑
i=0
∂ Scl
∂ x i
∂
∂ ηi
.
Then it is trivial that ∆Scl = 0 and Kcl ◦ Kcl = Kcl ◦∆ + ∆ ◦ Kcl = ∆ ◦ ∆ = 0. Let
K = −ħh∆+ Kcl. Then, CBQFTA =
 
C [[ħh]], 1C , · , K

is a BV-QFT algebra over C with
quantum descendant sDGLA
 
(C [[ħh]], 1C , K , (−,−)BV

, where (α1,α2)BV = ∆(α1 ·
α2)−∆α ·α2 − (−1)
|α1|α1 ·∆α2, α1,α2 ∈ C .
Assume that Scl ∈ L has isolated singularities, which implies that
H = H0 ∼= |[x0, . . . , xN]
À∂ Scl
∂ x i

and H0 is finite dimensional. Note that 1C = 1 is non-trivial in cohomology. We
denote its cohomology class by 1H . Let {eα} be a basis of H such that e0 = 1H . Choose
a representative f (eα) ∈ C
0 ⊂ C such that f (e0) = 1 and extend linearly over H =
H0. Then f : (H, 1H , 0)→ (C , 1C ,K) is a quasi-isomorphism. Note that Im f ⊂ C
0,
where ∆ vanishes. Therefore we have K ◦ f = ∆ ◦ f = 0. Hence K ◦ f = 0 and
f = f : (H[[ħh]], 1H , 0) → (C [[ħh]], 1C , K) is a quasi-isomorphism. Therefore the BV-
QFT algebra CBQFTA is anomaly-free with finite dimensional classical cohomology.
Then our construction reproduces the F -manifold structure on H = H0, the space
of the universal unfolding of the isolated singularities, equivalent to that of K. Saito
after forgetting the flat metric. His theory also contains integrals over the vanishing
cycles, which correspond to quantum expectations. ♮
Example 6.2. Now we consider the construction in [1]. Let (X ,ωn,0) be a complex
n-dimensional Calabi–Yau manifold. Let TX be the holomorphic tangent bundle to X ,
T ∗X be the anti-holomorphic cotangent bundle to X , and
C =
n⊕
k=−n
C k, C k =
⊕
q−p=k
q,p=0,...,n
Γ
 
∧pTX ⊗∧
qT ∗X

Note that
 
C , 1,∧,∂

is a unital CDGA over C. From the differential ∂ and ωn,0
define ∆ : C • → C •+1 by the formula (∆γ) ⊢ ωn,0 = ∂ (γ ⊢ ωn,0). Then, we have
∆ ◦∆ = ∆ ◦ ∂ + ∂ ◦∆ = 0 so that C [[ħh]]BQFTA =
 
C [[ħh]], 1,∧, K = −ħh∆ + ∂

is
a BV QFT algebra with quantum descendant unital sDGLA
 
C [[ħh]], 1C , K , ( , )SN

.
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Here (γ1,γ2)SN = ∆(γ1 ∧ γ2)−∆γ ∧ γ2 − (−1)
|γ1|γ1 ∧∆γ2 and is equivalent to the
holomorphic Schoutens–Nijenhuis bracket.5
Note that the classical cohomology H is the ∂ -cohomology. Then the ∂ ∂ -lemma for
Kähler manifolds [7] implies that every ∂ -cohomology class has a unique represen-
tative belonging to the kernel of ∆. Choose a basis {eα} of H such that e0 = 1H , and
choose representatives f (eα) satisfying ∆ f (eα) = 0. Then we have K ◦ f =∆◦ f = 0.
Thus K ◦ f = 0 and f = f : (H[[ħh]], 1H , 0)→ (C [[ħh]], 1C , K) is a quasi-isomorphism.
Therefore the BV-QFT algebra C [[ħh]]BQFTA is anomaly-free with finite dimensional
classical cohomology H. Then our construction reproduces the super F -manifold
structure on H, isomorphic to the Dolbeault cohomology of X , equivalent to the for-
mal Frobenius supermanifold of Barannikov–Kontsevich after forgetting the invariant
flat metric. Their theory also contains period integrals over the middle dimensional
homology cycles on X , which correspond to quantum expectations. ♮
Remark 6.7. One can check that eq. (6.34), viewed as a formal differential equation
for {T`
γ
} ∈ |[[tH]][[ħh
−1]], has a unique solutionwith the initial conditions T`
γ
tH=0
= 0
and ∂β T`
γ
tH=0
= δβ
γ. The equation eq. (6.33) has the following integrability condi-
tion: 
ħh

∂αA`βγ
σ − (−1)|t
α||tβ |∂β A`αγ
σ

+ A`βγ
ρA`αρ
σ − A`αγ
ρA`βρ
σ

∂σ T`
γ
= 0.
Note that the condition ∂β T`
γ
tH=0
= δβ
γ implies that the matrix G` with entries
G` β
γ = ∂β T`
γ
is invertible, so that we have
ħh

∂αA`βγ
σ − (−1)|t
α||tβ |∂β A`αγ
σ

+ A`βγ
ρA`αρ
σ − (−1)|t
α||tβ |A`αγ
ρA`βρ
σ = 0.
It follows that ∂αA`βγ
σ = (−1)|t
α||tβ |∂β A`αγ
σ and
A`βγ
ρA`αρ
σ − (−1)|t
α||tβ |A`αγ
ρA`βρ
σ = 0⇐⇒ A`αβ
ρA`ργ
σ − A`βγ
ρA`αρ
σ = 0,
since A`αβ
γ does not depend on ħh. ♮
From the families π`−1 and η−2 in Theorem 6.4, we define
U`αβ
γ :=
∞∑
n=1
1
n!(−ħh)n
tρn · · · tρ1π`−1αβρ1···ρn
γ
5 We remark that our grading conventions differ from those in [1]; the differences are not important.
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in |[[tH]][[ħh
−1]]−1 and
Ξαβ :=
∞∑
n=1
1
(−ħh)n
1
n!
tρn · · · tρ1η−2
n+2(∂α,∂β ,∂ρ1 , . . . ,∂ρn)
in
 
|[[tH]]⊗ˆC

[[ħh−1]]gh(∂α)+gh(∂β )−2, where

π`−1α1···αn
γ
	
∈ |[[ħh]] is defined for n ≥ 3
by π`−1
n
 
∂α1 , . . . ,∂αn

= π`−1α1···αn
γ∂γ. We emphasize that both U`αβ
γ and Ξαβ are for-
mal power series in ħh−1 = 1/ħh. Then, the relation of eq. (6.17) is equivalent to the
following identity:
(−ħh)∂α∂βΣ − e
−
1
ħhΘ ·Λαβ − A`αβ
ρ∂ρΣ = U`αβ
γ
f(eγ) + KΞαβ . (6.36)
Remark 6.8. Apply K to eq. (6.36) to obtain that 
(−ħh)∂α∂β − A`αβ
ρ∂ρ

KΣ = K

e−
1
ħhΘ ·Λαβ

.
From eq. (6.32) we know that KΣ = (−ħh)e−
1
ħhΘ − (−ħh)1C − T`
γ
f(eγ), so we have
(−ħh)2∂α∂β e
−
1
ħhΘ − (−ħh)A`αβ
ρ∂ρe
−
1
ħhΘ − K

e−
1
ħhΘ ·Λαβ

=
 
(−ħh)∂α∂β T`
γ
− A`αβ
ρ∂ρ T`
γ
f(eγ),
which implies that the relations eq. (6.34) and eq. (6.35) arise as integrability con-
ditions of the relation eq. (6.36). ♮
Remark 6.9. For any quantum expectation c, define the following generating series of
the level zero quantum correlation functions:
Zc := c

e−
1
ħhΘ

≡
­
e−
1
ħhΘ
·
c
= 1+
∞∑
n=1
1
(−ħh)n
1
n!
tαn · · · tα1


Π0n
 
∂α1 , . . . ,∂αn

c
.
From eq. (6.32), eq. (6.33) and eq. (6.34), we obtain that
Zc = 1+
1
(−ħh)
Tγ


f(eγ)

c
, −ħh∂0Zc =Zc, −ħh∂α∂βZc = A`αβ
ρ∂ρZc.
We remind the reader that Zc ∈ |[[tH]]((ħh))
0. Assume that the above quantum ex-
pectation c is not just a pointed cochain map from
 
C [[ħh]], 1C , K

to
 
|[[ħh]], 1,0

but
also a morphism of binary QFT algebras. Let χ =K(c) be the quantum descendant of
c. Define F c ∈ |[[tH]]
0[[ħh]] be defined by
F c :=
∞∑
n=1
1
n!
tαn · · · tα1
 
χ •φ0

n
 
∂α1 , . . . ,∂αn

.
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Then, we have the identity e
−
1
ħh
Fc
=Zc. ♮
Finally, we briefly return to a general binary QFT algebra without assuming either
the anomaly-free condition or the finite dimensionality of H.
Consider the binary QFT algebra
 
C [[ħh]], 1C , · , K) along with its quantum descen-
dant
 
C [[ħh]], 1C , ℓ

as in Sect. 5. Let
¦
π`0,η−1, ℓ`,φ0
π`−1,η−2,m`,φ−1© be the canon-
ical solutions of the levels zero and one quantummaster equations given in Theorems
5.1 and 5.2.
Definition 6.2. A superselection sector of the binary QFT algebra is a finite-dimensional
pointed subspace W of H such that
i. (unitality) 1W := 1H ∈W,
ii. (κ-triviality) κw = 0 for all w ∈W,
iii. (level zero higher triviality) π`0n(w1, . . . ,wn) ∈W for all n≥ 2 and w1, . . . ,wn ∈W,
and
iv. (level one higher triviality) π`−1n (w1, . . . ,wn) ∈W for all n≥ 3 and w1, . . . ,wn ∈W.
From properties (ii) and (iii) of W , we have ℓ`n(w1, . . . ,wn) = 0 for all n ≥ 1 and
w1, . . . ,wn ∈ W so that φ
0 :
 
W [[ħh]], 1W , 0

¹¹Ë
 
C [[ħh]], 1C , ℓ

is a unital sL∞-
morphism. From properties (ii) and (iv) of W , we obtain that, for all n ≥ 2 and
homogeneous w1, . . . ,wn ∈W ,
π`0
n
(w1, . . . ,wn) =
∑
p∈P(n)
|B|p||=n−|p|+1
n−1∼pn
(−ħh)n−|p|−1ǫ(p) π`0
|p|

wB1 , · · · ,wB|p|−1 ,m`
0
 
vB|p|

.
It follows that m`0n(w1, . . . ,wn) = π`
0(n−2)
n (w1, . . . ,wn) for all n ≥ 2 and homogeneous
w1, . . . ,wn ∈ W . Define the family m
0 = m02,m
0
3, . . . of m
0
n
∈ Hom
 
SnW,W
0
for all
n ≥ 2 to be m0n(w1, . . . ,wn) := π`
0(n−2)
n (w1, . . . ,wn). It is clear that
 
W, 1W ,m
0

is
unital, symmetric, and satisfies generalized associativity.
Introduce homogeneous coordinates tW = {t
a} on W so that {∂a = ∂ /∂ t
a} form a
homogeneous basis of W with distinguished element ∂0 = 1W . Then extend ∂a as
a derivation on |[[tW ]]. Consider the structure constants

ma1···an
γ
	
and

πα1···αn
γ
	
,
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where m0n
 
∂a1 , . . . ,∂an

= ma1···an
c∂c and π`
0
n
 
∂a1 , . . . ,∂an

= πa1···an
c∂c, and define
ΘW =
∞∑
n=1
1
n!
tan · · · ta1φn
 
∂a1 , . . . ,∂an

∈
 
C [[tW ]]
0
[[ħh]],
T
c
=t c +
∞∑
n=2
1
n!(−ħh)n−1
tαn · · · tα1πa1···an
c ∈ |[[tW ]][[ħh
−1]],
Aαβ
c =m0
ab
c +
∞∑
n=1
1
n!
tan · · · ta1m0
a1···anab
c ∈ |[[tW ]].
Then, we have Ke
−
1
ħh
ΘW
= 0 and the generating functionZW
c
of quantum correlation
functions on the superselection sectorW with respect to a quantum expectation c can
be defined as follows:
Z
W
c
:=
¬
e
−
1
ħh
ΘW ¶
c
= 1+
∞∑
n=1
1
n!(−ħh)n
tan · · · ta1
¬
ΠWn (∂a1 , . . . ,∂an)
¶
c
.
It follows thatZW
c
= 1−
1
ħh
T`
a

f(∂a)

c
so that the quantum expectation values (namely

f(∂a)

c
	
and

T
a	
) determine every quantum correlation function in the superse-
lection sectorW . Moreover,

T
a	
is the unique solution in formal power series in ħh−1
to the following system of formal differential equations:
ħh∂b∂cT
a
+Abc
e∂eT
a
= 0, ∂0T
a
= δ0
a −
1
ħh
T
a
,
with the boundary condition ∂bT
a
tW=0
= δb
a. Finally,

Aab
c
	
has the requisite
compatibilities to make
 
W ⊗ |[[tW ]],∂0,⋄

, where ∂a ⋄ ∂b := Aab
c∂c , into a unital
super-commutative associative algebra over |[[tW ]] — hence W is a formal super
F -manifold. Therefore, we conclude the following.
Lemma 6.1. Every finite dimensional super-selection sector of a binary QFT algebra is
a formal super F-manifold and comes with a well-defined quantum distribution.
A. On homotopy Lie algebras
This appendix is intended as a self-contained introduction to the homotopy category
of sL∞-algebras and a homotopy functorial description of the bar construction of
sL∞-algebras.
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An sL∞-algebra is a version of a homotopy Lie algebra, also known as an L∞-algebra,
with its degree shifted by one. The notion of an L∞-algebra first arose in the rational
homotopy theory of Sullivan [23] in disguise before its explicit form was used in
the deformation theoretic approach [22,19] to rational homotopy theory. For our
purposes the shifted version, sL∞-algebras, are more natural. There is no conceptual
originality to the contents of this appendix, and we refer to [15] for the formal super-
geometric aspects of L∞-algebras.
Throughout this appendix R is a fixed commutative ground ring of characteristic zero
with unit 1R. (In the body of the paper R is either a field | of characteristic zero or
|[[ħh]].)
Let V =
⊕
k∈Z V
k be a Z-graded R-module. An element of V is homogeneous if it
lies in fixed degree. For a homogeneous element v ∈ V , we use the notation |v|
for its degree and write J v for (−1)|v|v. We denote by HomR(V,V
′) j the space of
R-module homomorphisms from V to V ′ of degree j, and by HomR(V,V
′) the sum⊕
j∈ZHomR(V,V
′) j . The tensor product over R is denoted by ⊗.
The reduced free tensor module generated by a Z-graded R-module V is T (V ) =⊕∞
n=1 T
nV , where T nV = V⊗n, which has the induced structure of a Z-graded R-
module. Let Permn be the group of permutations of the set [n] = {1, . . . ,n}. For each
σ ∈ Permn, we define the map σˇ : T
nV → T nV by specifying, for homogeneous
elements v1, . . . , vn ∈ V ,
σˇ (v1 ⊗ v2 ⊗ · · · ⊗ vn) = ǫ(σ)vσ(1) ⊗ vσ(2) ⊗ · · · ⊗ vσ(n).
In this equation ε(σ) = ±1 is the Koszul sign determined by decomposing σ as com-
position of transpositions τˇ : v1 ⊗ v2 7→ (−1)
|v1||v2|v2 ⊗ v1. We denote by S
nV is the
submodule of T nV that is fixed by σˇ. Elements in SnV are generated by elements of
the form v1 ⊙ . . . ⊙ vn, which is a weighted sum over the orbit of v1 ⊗ · · · ⊗ vn. The
reduced free symmetric module generated by V is S(V ) =
⊕∞
n=1 S
nV . We denote by
ebSnV : S
nV → S(V ) and prSnV : S(V )→ S
nV for n≥ 1 the canonical embedding and
projection.
We say Ln ∈ HomR
 
T nV,V ′
 j
descends to a R-linear map from SnV to V ′, and de-
note this map by Ln ∈ HomR

SnV,V ′
 j
, if Ln
 
v1 ⊗ · · · ⊗ vn

= ε(σ)Ln
 
vσ(1) ⊗ · · · ⊗
vσ(n)

. A family L = L1, L2, . . . of Ln ∈ Hom

SnV,V ′
 j
for all n ≥ 1 determines
L ∈ Hom

S(V ),V ′
 j
by the convention that L
 
v1⊙· · ·⊙ vn

= Ln
 
v1⊙· · ·⊙ vn

, for all
n≥ 1, and vice versa. That is, Ln = L◦ebSnV . We use the notation L and L interchange-
ably. We also use the notation L
 
v1 ⊙ · · · ⊙ vn

= Ln
 
v1 ⊙ · · · ⊙ vn

= Ln
 
v1, . . . , vn).
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A.1. The homotopy category of sL∞-algebras
We begin with generator-relation definitions of sL∞-algebras, morphisms and homo-
topy types of morphisms.
Definition A.1. An sL∞-algebra over R is a tuple
 
V, l

, where V is aZ-graded R-module
and l = l1, l2, . . . is a family of operations lk ∈ HomR
 
SkV,V
1
for k ≥ 1, such that, for
all n≥ 1 and homogeneous v1, . . . , vn ∈ V ,∑
|p|∈P(n)
|Bi |=n−|p|+1
ǫ(p)l|p|

J vB1 , . . . , J vBi−1 , l(vBi ), vBi+1 , . . . , vB|p|

= 0.
The sum in the above formula is over all classical partitions of [n] satisfying the
condition that every block in the partition p has a single element except possibly one
block which has n− |p|+ 1 elements. For example, we have
d2
 
v1

= 0,
dl2
 
v1, v2

+ l2
 
dv1, v2

+ l2
 
J v1, dv2

= 0,
dl3
 
v1, v2, v3

+ l3
 
dv1, v2, v3

+ l3
 
J v1, dv2, v3

+ l3
 
J v1, J v2, dv3

+l2
 
l2(v1, v2), v3) + l2
 
J v1, l2(v2, v3)

+ (−1)|v1||v2|l2
 
J v2, l2(v1, v3)

= 0,
etc., where d = l1. Note that (V, d) is a cochain complex over R whose cohomology
H is called the cohomology of the sL∞-algebra
 
V, l

. An sL∞-algebra
 
V, l

is called
minimal if l1 = 0.
Definition A.2. A morphism of sL∞-algebras from
 
V, l

to
 
V ′, l ′

is a family ϕ =
ϕ1,ϕ2, . . . of ϕk ∈ HomR
 
SkV,V ′
0
, k ≥ 1, such that, for all n ≥ 1 and homogeneous
v1, . . . , vn ∈ V ,∑
|p|∈P(n)
ǫ(p)l′|p|

ϕ
 
vB1

, . . . ,ϕ
 
vB|p|

=
∑
|p|∈P(n)
|Bi |=n−|p|+1
ǫ(p)ϕ|p|

J vB1 , . . . , J vBi−1 , l(xBi ), vBi+1 , . . . , vB|p|

.
For example, we have
d ′ϕ1(v1) = ϕ1(dv1),
ϕ1
 
l2
 
v1, v2

− l′2
 
ϕ1(v1),φ1(v2)

= dϕ2(v1, v2)−ϕ2
 
dv1, v2

−ϕ2
 
J v1, dv2

,
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etc. Note that φ1 is a cochain map from
 
V, d

to
 
V ′, d ′

. Recall that a cochain map
is a cochain quasi-isomorphism if it induces an isomorphism on cohomology. An sL∞
morphism ϕ a quasi-isomorphism if ϕ1 is a cochain quasi-isomorphism between the
underlying cochain complexes.
Definition A.3 (Lemma). Let
 
V, l
 ϕ
//
 
V ′, l ′
 ϕ′
//
 
V ′′, l ′′

be consecutive sL∞-
morphisms. Then, the composition ϕ′ •ϕ defined by the following equation for all n≥ 1
and v1, . . . , vn ∈ V :
ϕ′ •ϕ

n
(v1, . . . , vn) :=
∑
|p|∈P(n)
ǫ(p)ϕ′|p|
 
ϕ(vB1), . . . ,ϕ(vB|p|)

,
is an sL∞-morphism from
 
V, l

to
 
V ′′, l ′′

. The operation • is associative.
The category of sL∞-algebras over R is the category sL∞(R) whose objects are sL∞-
algebras over R and whose morphisms are sL∞-morphisms with composition opera-
tion •.
Now we turn to the homotopy category of sL∞-algebras, which will require a bit of
preparation.
Definition A.4. A homotopy pair of sL∞-algebras from
 
V, l

to
 
V ′, l ′

is a pair
 
ϕ(τ),λ(τ)

∈ HomR
 
S(V ),V ′
0
[τ]⊕HomR
 
S(V ),V ′
−1
[τ]
satisfying the following system of equations: for all n≥ 1 and homogeneous v1, . . . , vn ∈
V ,
d
dτ
ϕ(τ)(v1 ⊙ . . .⊙ vn)
=
∑
p∈P(n)
|Bi |=n−|p|+1
ǫ(p)λ(τ)

JvB1 ⊙ . . .⊙ JvBi−1 ⊙ l(xBi )⊙ vBi+1 ⊙ . . .⊙ vB|p|

+
∑
p∈P(n)
|p|∑
i=1
ǫ(p)l′

ϕ(τ)(JvB1)⊙ . . .⊙ϕ(τ)(JvBi−1 )⊙λ(τ)(vBi )
⊙ϕ(τ)(vBi+1)⊙ . . .⊙ϕ(τ)(vB|p|)

.
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The first two equations of this system are
d
dτ
ϕ1(τ)(v1) =λ1(τ)(dv1) + d
′λ1(τ)(v1),
d
dτ
ϕ2(τ)(v1, v2) =λ2(τ)(dv1, v2) +λ2(τ)(J v1, dv2) +λ1(τ)
 
l2(v1, v2)

+ d ′λ2(τ)(v1, v2) + l
′
2
 
λ1(τ)(v1),ϕ1(v2)

+ l2
 
ϕ1(J v1),λ1(τ)(v2)

.
Working recursively from n= 1, it is obvious that the system of equations in Definition
A.4 has a unique solution ϕ(τ), modulo an initial condition ϕ(0), with respect to
λ(τ).
Lemma A.1. Let
 
ϕ(τ),λ(τ)

be a homotopy pair of sL∞-algebras such that ϕ(0) is
an sL∞-morphism. Then ϕ(τ) is a (uniquely defined) family of sL∞-morphisms.
Now we are ready to define homotopy types of sL∞-morphisms.
Definition A.5. Two sL∞-morphismsϕ and ϕ˜ are homotopic, which we denoteϕ ∼ ϕ˜,
or have the same homotopy type, denoted

ϕ

=

ϕ˜

, if there is a sL∞-homotopy pair 
ϕ(τ),λ(τ)

such that ϕ = ϕ(0) and ϕ˜ = ϕ(1).
It is clear that ∼ is an equivalence relation. The homotopy category of sL∞-algebras
over R is the category hosL∞(R), whose objects are sL∞-algebras over R and mor-
phisms are homotopy types of sL∞-morphisms. It remains is to check that hosL∞(R)
is indeed a category.
Lemma A.2. Given “composable” sL∞-homotopy pairs 
V, l
  ϕ(τ),λ(τ)
+3
 
V ′, l′
  ϕ(τ),λ(τ)
+3
 
V ′′, l′′

the composition
 
ϕ′(τ),λ′(τ)

•
 
ϕ(τ),λ(τ)

=
 
ϕ′′(τ),λ′′(τ)

defined for all n ≥ 1
and homogeneous v1, . . . , vn ∈ V by the equations
ϕ′′(τ)
 
v1 ⊙ . . .⊙ vn

:=
∑
|p|∈P(n)
ǫ(p)ϕ′(τ)

ϕ(τ)(vB1)⊙ . . .⊙ϕ(τ)(vB|p|)

,
λ′′(τ)
 
v1 ⊙ . . .⊙ vn

:=
∑
|p|∈P(n)
ǫ(p)λ′(τ)

ϕ(τ)(vB1)⊙ . . .⊙ϕ(τ)(vB|p|)

+
∑
|p|∈P(n)
ǫ(p)
|p|∑
i=1
ϕ′(τ)

ϕ(τ)(J vB1)⊙ . . .⊙λ(τ)(vBi )⊙ . . .⊙ϕ(τ)(vB|p|)

is an sL∞-homotopy pair from
 
V, l

to
 
V ′′, l ′′

. The operation • is associative.
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Consider sL∞-morphisms
 
V, l
 ϕ --
ϕ˜
11
 
V ′, l ′
 ϕ′ --
ϕ˜′
11
 
V ′′, l ′′

and assume that ϕ ∼ ϕ˜
and ϕ′ ∼ ϕ˜′. Then, there are corresponding sL∞-homotopy pairs as follows:
–
 
ϕ(τ),λ(τ)

such that ϕ(0) = ϕ and ϕ(1) = ϕ˜;
–
 
ϕ′(τ),λ′(τ)

such that ϕ′(0) = ϕ′ and ϕ(1)′ = ϕ˜′.
By Lemma A.2, the composition
 
ϕ′′(τ),λ′′(τ)

=
 
ϕ′(τ),λ′(τ)

•
 
ϕ(τ),λ(τ)

is an
sL∞-homotopy pair from
 
V, l

to
 
V ′′, l ′′

such that
ϕ′′(0) = ϕ′ •ϕ, ϕ′′(1) = ϕ˜′ • ϕ˜.
It follows that ϕ′ •ϕ ∼ ϕ˜′ • ϕ˜ or, equivalently,

ϕ′ •ϕ

=

ϕ˜′ • ϕ˜

whenever ϕ˜ ∼ ϕ
and ϕ˜′ ∼ ϕ′ so that the homotopy type

ϕ′ •ϕ

of ϕ′ • ϕ depends only on the
homotopy types

ϕ

and

ϕ′

of ϕ and ϕ′, respectively. Therefore the composition
which takes

ϕ

and

ϕ′

to

ϕ′

•h

ϕ

:=

ϕ′ •ϕ

is well-defined. It is obvious
that •h is associative.
Definition A.6. The homotopy category of sL∞-algebras over R is the category hosL∞(R),
whose objects are sL∞-algebras over R and whose morphisms are homotopy types of
sL∞-morphisms with composition •h.
In this paper, we shall work primarily with the category and homotopy category of
unital sL∞-algebras.
Definition A.7. – A unital sL∞-algebra over R is a tuple
 
V, 1V , l

, where
 
V, l

is
an sL∞-algebra over R and 1V is an element of V
0 such that, for all n ≥ 1 and
homogeneous v1, . . . , vn−1 ∈ V ,
ln
 
v1, . . . , vn−1, 1V ) = 0.
– A unital sL∞-morphism from
 
V, 1V , l

to
 
V ′, 1V ′ , l
′

is an sL∞-morphism ϕ from 
V, l

to
 
V ′, l ′

such that, for all n≥ 1 and homogeneous v1, . . . , vn−1 ∈ V ,
ϕn
 
v1, . . . , vn−1, 1V ) = δn,1 × 1V ′ ,
where δn,1 is the Kronecker delta: 1 for n= 1 and 0 otherwise.
The composition of two unital sL∞-morphisms, as sL∞-morphisms, is a unital sL∞-
morphism.
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Notation A.8. We denote by UsL∞(R) the category of unital sL∞-algebras whose ob-
jects are unital sL∞-algebras over R and whose morphisms are unital sL∞-morphisms.
Definition A.9. A unital sL∞-homotopy pair is sL∞-homotopy pair
 
ϕ(τ),λ(τ)

such
that for all n≥ 1 and homogeneous v1, . . . , vn−1 ∈ V ,
λ(τ)
 
v1 ⊙ . . .⊙ vn−1 ⊙ 1V ) = 0.
Then, ϕ(τ) is a smooth 1-parameter family of unital sL∞-morphisms if ϕ(0) is a
unital sL∞-morphism, so that we can define homotopy of unital sL∞-morphisms
accordingly.
Notation A.10. We denote by hoUsL∞(R) is the homotopy category of unital sL∞-
algebras whose objects are unital sL∞-algebras over R and whose morphisms are ho-
motopy types of unital sL∞-morphisms.
The following important lemma is well-known:
Lemma A.3. On the cohomology H of an sL∞-algebra
 
W,ℓ

over a field | of char-
acteristic zero, there is the structure of a minimal sL∞-algebra
 
H, ℓ`

and a quasi-
isomorphism ϕ :
 
H, ℓ`

→
 
W,ℓ

.
Proof. Choose the data of a strong deformation retract ( f ,h, s) between the cochain
complex
 
W, d := ℓ1

over | and its homology (H, 0). So s ∈ Hom|
 
W,W
−1
and
f ∈ Hom|(H,W
0
and h ∈ Hom|(W,H
0
satisfy f ◦h= IW−d ◦s−s◦d and h◦ f = IH .
Define ϕ = ϕ1,ϕ2, . . . and ℓ` = ℓ`1, ℓ`2, . . . recursively as follows: ϕ1 = f and ℓ`1 = 0,
while ℓ`n := h◦ Ln and ϕn := −s◦ Ln for all n≥ 2, where Ln ∈ Hom
 
SnH,W
1
is given
for homogeneous v1, . . . , vn ∈ H by
Ln(v1, . . . , vn) :=
∑
|p|∈P(n)
|p|6=1
ǫ(p)ℓ|p|
 
ϕ(vB1),ϕ(vB|p|)

−
∑
|p|∈P(n)
|Bi |=n−|p|+1
|p|6=n,1
ǫ(p)ϕ|p|

J vB1 , . . . , J vBi−1 , ℓ`(xBi ), vBi+1 , . . . , vB|p|

.
Note that Ln depends only on ϕ1, . . . ,ϕn−1 and ℓ`2, . . . , ℓ`n−1. For n≥ 2, let
Fn(v1, . . . , vn) :=
∑
|p|∈P(n)
|Bi |=n−|p|+1
|p|6=n,1
ǫ(p)l|p|

J vB1 , . . . , J vBi−1 , l(vBi ), vBi+1 , . . . , vB|p|

,
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which depends only on ℓ`2, . . . , ℓ`n−1. From L2(v1, v2) =
 
ϕ1(v1),ϕ1(v2)

, we have d ◦
L2 = 0 since d ◦ ϕ1 = 0 and d is a derivation of the bracket ( , ). From ℓ`2 = h ◦ L2
and ϕ2 = −s ◦ L2, we obtain that L2 = ϕ1 ◦ ℓ`2 − d ◦ϕ2. Note that F2 = 0. Fix n ≥ 3
and assume that Lk = ϕ1 ◦ ℓ`k − d ◦ ϕk and Fk = 0 for all k = 2, . . . ,n − 1. Then
it is straightforward to check that d ◦ Ln = f ◦ Fn, which implies that h ◦ d ◦ Ln =
h ◦ f ◦ Fn = Fn = 0 and d ◦ Ln = 0. From ℓ`n := h ◦ Ln and ϕn := − s ◦ Ln, we
obtain that Ln = ϕ1 ◦ ℓ`n − d ◦ ϕn. Therefore we have proved that d ◦ ϕ1 = ℓ1 = 0
and Ln + d ◦ ϕn − ϕ1 ◦ ℓ`n = Fn = 0 for all n ≥ 2, which are exactly the conditions
for
 
H, ℓ`

to be a minimal sL∞-algebra over | and for ϕ :
 
H, ℓ`

→
 
W,ℓ

to be an
sL∞-morphism, which is a quasi-isomorphism since ϕ1 = f : (H, 0) → (W, d) is a
cochain quasi-isomorphism. ♮
A.2. The homotopy category of dg coalgebras
A dg coalgebra over R is a tuple

C ,△C , dC

, where
-

C , dC

is a cochain complex over R, i.e., dC ∈ Hom
 
C ,C
1
and dC ◦ dC = 0, and
-

C ,△C

is a Z-graded coassociative coalgebra over R, i.e.,
△C ∈ Hom
 
C ,C ⊗ C
0
,
 
△C ⊗ IC

◦△C =
 
IC ⊗△C

◦△C ,
such that dC is a coderivation of △C , i.e., △C ◦ dC =
 
dC ⊗ IC + IC ⊗ dC) ◦△C .
Amorphism of dg coalgebras from

C ,△C , dC

to

C ′,△C ′ , dC ′

is both a cochain map
and coalgebra map, i.e.,
F ∈ Hom(C ,C ′)0, dC ′ ◦ F = F ◦ dC , △C ′ ◦ F =
 
F ⊗ F) ◦△C .
It is straightforward to check that the composition F ′ ◦ F of dg coalgebra morphisms
as R-linear maps is a dg coalgebra morphism. Therefore, we have the category dgC(R)
of dg coalgebras over R.
Definition A.11. A homotopy pair

F(τ),Λ(τ)

:

C ,△C , dC

+3

C ′,△C ′ , dC ′

of
dg coalgebras is a pair F(τ)⊕Λ(τ) : [0,1]→ Hom
 
C ,C ′
0
[τ]⊕Hom
 
C ,C ′
−1
][τ] such
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that the following relations are satisfied:
d
dτ
F(τ) = dC ′ ◦Λ(τ) +Λ(τ) ◦ dC ,
△C ′ ◦ F(τ) =
 
F(τ)⊗ F(τ)

◦△C ,
△C ′ ◦Λ(τ) =
 
F(τ)⊗Λ(τ) +Λ(τ)⊗ F(τ)

◦△C .
Then, it is straightforward to show that F(τ) is determined uniquely with respect
to Λ(τ) for a given initial condition F(0) and is a smooth family of dg coalgebra
morphisms if F(0) is a dg coalgebra morphism.
Definition A.12. Two dg coalgebra morphisms F and F˜ are homotopic, denoted F ∼ F˜ ,
or have the same homotopy type, denoted by

F

=

F˜

, if there is a dg coalgebra
homotopy pair
 
F(τ),Λ(τ)

such that F(0) = F and F(1) = F˜ .
It is clear that ∼ is an equivalence relation. The homotopy category of dg coalgebras
over R shall be a category hodgC(R), whose objects are dg coalgebras over R and
whose morphisms are homotopy types of dg coalgebra morphisms. We check that
hodgC(R) is indeed a category in the following Lemma:
Lemma A.4. Given “composable” homotopy pairs of dg coalgebras

C ,△C , dC
  F(τ),Λ(τ)
+3

C ′,△C ′ , dC ′
  F′(τ),Λ′(τ)
+3

C ′′,△C ′′ , dC ′′

the composition

F′′(τ),Λ′′(τ)

=

F′(τ),Λ′(τ)

◦

F(τ),Λ(τ)

, defined by the formu-
las
F′′(τ) := F′(τ) ◦F(τ),
Λ′′(τ) := F′(τ) ◦Λ(τ) +Λ′(τ) ◦F(τ),
is a homotopy pair of dg coalgebras from

C ,△C , dC

to

C ′′,△C ′′ , dC ′′

and ◦ is asso-
ciative.
Consider the following diagram in dgC(R)

C ,△C , dC
 F ..
F˜
00

C ′,△C ′ , dC ′
 F ′ ..
F˜ ′
00

C ′′,△C ′′ , dC ′′

and assume that F ∼ F˜ and F ′ ∼ F˜ ′. Then there are homotopy pairs
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-

F(τ),Λ(τ)

such that F(0) = F and F(1) = F˜ ;
-

F′(τ),Λ′(τ)

such that F′(0) = F ′ and F′(1) = F˜ ′.
By LemmaA.4, their composition

F′′(τ),Λ′′(τ)

is a homotopy pair such that F′′(0) =
F ′◦F and F′′(1) = F˜ ′◦F˜ . It follows that F ′◦F ∼ F˜ ′◦F˜ or, equivalently,

F ′◦F

=

F˜ ′◦F˜

whenever F ∼ F˜ and F ′ ∼ F˜ ′ and the homotopy type

F ′◦F

of F ′◦F depends only on
the homotopy types

F ′

and

F

of F ′ and F , respectively. Therefore we can define
the composition of

F ′

and

F

by

F ′

◦h

F

:=

F ′ ◦ F

. Again it is obvious that
◦h is associative.
Definition A.13. The homotopy category of dg coalgebras over R is the category hodgC(R)
whose objects are dg coalgebras over R and whose morphisms are homotopy types of dg
coalgebra morphisms with composition ◦h.
A dg coalgebra

C ,△C , dC

is cocommutative if △C = τˇ ◦ △C . We use the notation
cocdgC(R) and hococdgC(R) for the category and homotopy category of cocommu-
tative dg coalgebras over R, which are full subcategories of dgC(R) and hodgC(R),
respectively.
A.3. The bar functor.
The bar construction of sL∞-algebras is a homotopy functor B from the category
sL∞(R) of sL∞-algebras to the category cocdgC(R) of cocommutative dg-coalgebras.
The reduced symmetric module S(V ) generated by a Z-graded R-module V has the
structure of aZ-graded cocommutative and coassociative coalgebra Sco(V ) =
 
S(V ),Î

over R called the reduced symmetric coalgebra cogenerated by V , where the coprod-
uct Î : S(V )→ S(V )⊗S(V ) is defined for all n ≥ 1 and homogeneous v1, . . . , vn ∈ V
to be
Î(v1 ⊙ . . .⊙ vn) =
n−1∑
r=1
∑
σ∈Sh(r,n−r)
ǫ(σ)vσ(1) ⊙ . . .⊙ vσ(r)⊗vσ(r+1) ⊙ . . .⊙ vσ(n).
Here the second sum is over all (r,n− r)-shuffles—these are those permutations of n
such that σ(1) < . . . < σ(r), and σ(r + 1)< . . . < σ(n).
The reduced symmetric coalgebras have the following properties:
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Lemma A.5. For any l ∈ HomR
 
S(V ),V
1
, define D(l) ∈ HomR
 
S(V ),S(V )
1
for all
n≥ 1 and homogeneous element v1, . . . , vn ∈ V by the equation
D(l)(v1 ⊙ . . .⊙ vn) =
∑
|p|∈P(n)
|Bi |=n−|p|+1
ǫ(p)J vB1 ⊙ . . .⊙ J vBi−1 ⊙ l(vBi )⊙ vBi+1 ⊙ . . .⊙ vB|p| .
Then, D(l) is the unique coderivation of Sco(V ) with the property prV ◦D = l, where
prV : S(V ) → V is the natural projection. Conversely, any degree 1 coderivation D
of Sco(V ), Î ◦ D =
 
D ⊗ I + I ⊗ D

◦ Î, is in the form D(l), where l = prV ◦D ∈
Hom
 
S(V ),V
1
.
Lemma A.6. For any pair
 
ϕ,λ

∈ HomR
 
S(V ),V ′
0
⊕ HomR
 
S(V ),V ′
−1
, define a
pair
 
F(ϕ),Λ(ϕ,λ)

∈ HomR
 
S(V ),S(V )
0
⊕HomR
 
S(V ),S(V )
−1
for all n ≥ 1 and
homogeneous element v1, . . . , vn ∈ V via the equations
F
 
ϕ

(v1 ⊙ . . .⊙ vn) :=
∑
|p|∈P(n)
ǫ(p)ϕ
 
vB1

⊙ . . .⊙ϕ
 
vB|p|

,
Λ
 
ϕ,λ

(v1 ⊙ . . .⊙ vn) :=
∑
|p|∈P(n)
ǫ(p)
|p|∑
i=1
ϕ
 
J vB1

⊙ . . .⊙ϕ
 
J vBi−1

⊙λ
 
vBi

⊙ϕ
 
J vBi+1

⊙ . . .⊙ϕ
 
vB|p|

.
Then, we have
Î
′ ◦F(ϕ) =
 
F(ϕ)⊗ F(ϕ)

◦Î,
Î
′ ◦Λ(ϕ,λ) =
 
Λ(ϕ,λ)⊗ F(ϕ) + F⊗Λ(ϕ,λ)

◦Î,
prV ◦F(ϕ) = ϕ,
prV ◦Λ(ϕ,λ) = λ.
Conversely, any pair
 
F,Λ

of F ∈ HomR
 
S(V ),S(V ′)
0
and Λ ∈ Hom
 
S(V ),S(V ′)
−1
satisfying Î′ ◦ F =
 
F ⊗ F

◦ Î and Î′ ◦ Λ =
 
Λ ⊗ F + F ⊗ Λ

◦ Î is in the form 
F(ϕ),Λ(ϕ,λ)

, whereϕ = prV ◦F ∈ HomR
 
S(V ),V ′
0
andλ= prV ◦Λ ∈ HomR
 
S(V ),V ′
−1
.
Definition A.14. The bar construction of an sL∞-algebra
 
V, l

is the cocommutative
dg-coalgebra defined as follows:
B
 
V, l

=
 
Sco(V ),D(l)

.
The bar construction of an sL∞-morphism
 
V, l
 ϕ
//
 
V ′, l ′

is B
 
ϕ

= F(ϕ).
Lemma A.7. The bar construction B is a functor from sL∞(R) to cocdgC(R).
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Proof. Lemma A.5 implies that, for all n≥ 1 and homogeneous v1, . . . , vn ∈ V ,
prV ◦D(l) ◦D(l)

(v1 ⊙ . . .⊙ vn)
=
∑
|p|∈P(n)
|Bi |=n−|p|+1
ǫ(p)l
 
J vB1 ⊙ . . .⊙ J vBi−1 ⊙ l(xBi )⊙ vBi+1 ⊙ . . .⊙ vB|p|

.
From Definition A.1 of an sL∞-algebra, the coderivation D(l) satisfies the condition
prV ◦D(l) ◦D(l) = 0, which can be checked, by a straightforward induction, to be
equivalent to the condition that D(l) ◦D(l) = 0. Therefore B
 
V, l

=
 
Sco(V ),D(l)

is a cocommutative dg-coalgebra.
Lemma A.6 implies that, for all n≥ 1 and homogeneous v1, . . . , vn ∈ V ,
prV ◦
 
D(l′) ◦F(ϕ)− F(ϕ) ◦D(l)

(v1 ⊙ . . .⊙ vn)
=
∑
|p|∈P(n)
ǫ(p)l′
 
ϕ
 
vB1

⊙ . . .⊙ϕ
 
vB|p|

−
∑
|p|∈P(n)
|Bi |=n−|p|+1
ǫ(p)ϕ
 
J vB1 ⊙ . . .⊙ J vBi−1 ⊙ l(xBi )⊙ vBi+1 ⊙ . . .⊙ vB|p|

.
From Definition A.2 of sL∞-morphism, we have prV ′ ◦
 
D(l′)◦F(ϕ)−F(ϕ)◦D(l)

= 0,
which can be checked to be equivalent to the condition that D(l′) ◦ F(ϕ) = F(ϕ) ◦
D(l). Therefore B
 
ϕ

= F(ϕ) is a morphism of cocommutative dg-coalgebras from
B
 
V, l

=
 
Sc(V ),D(l)

to B
 
V ′, l ′

=
 
Sc(V ′),D(l′)

.
Consider the sequence of sL∞-morphisms
 
V, l
 ϕ
//
 
V ′, l ′
 ϕ′
//
 
V ′′, l ′′

. Then
ϕ′′ := ϕ′ •ϕ is an sL∞-morphism from
 
V, l

to
 
V ′′, l ′′

. Now Lemma A.6 and Defi-
nition A.3 imply that prV ′′ ◦

F(ϕ′′)− F(ϕ′) ◦ F(ϕ)

= 0, which can be checked to be
equivalent to the condition: F(ϕ′′) = F(ϕ′) ◦ F(ϕ). Therefore, we have B
 
ϕ′ •ϕ

=
B
 
ϕ′

◦B
 
ϕ

so that B : sL∞(R)  cocdgC(R) is a functor. ♮
The next lemma implies that B : sL∞(R)   cocdgC(R) is a homotopy functor, so
that it induces a functor hoB : hosL∞(R)  hococdgC(R).
Lemma A.8. For each sL∞-homotopy pair
 
ϕ(τ),λ(τ)

from
 
V, l

to
 
V ′, l ′

, define
B
  
ϕ(τ),λ(τ)

:=
 
F
 
ϕ(τ),Λ
 
ϕ(τ),λ(τ)

.
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ThenB
 
ϕ(τ),λ(τ)

is a homotopy pair of cocdg-coalgebras from B
 
V, l

to B
 
V ′, l ′

.
Furthermore, for composable sL∞-homotopy pairs 
V, l
 (ϕ(τ),λ(τ))
+3
 
V ′, l′
 (ϕ′(τ),λ′(τ))
+3
 
V ′′, l′′

we haveB
  
ϕ′(τ),λ′(τ)

•
 
ϕ(τ),λ(τ)

=B
  
ϕ′(τ),λ′(τ)

◦B
  
ϕ(τ),λ(τ)

.
Proof. Set
 
ϕ′′(τ),λ′′(τ)

=
 
ϕ′(τ),λ′(τ)

•
 
ϕ(τ),λ(τ)

and
F(τ) = F
 
ϕ(τ)

, F′(τ) = F
 
ϕ′(τ)

, F′′(τ) = F
 
ϕ′′(τ)

,
Λ(τ) = Λ
 
ϕ(τ),λ(τ)

, Λ′(τ) = Λ
 
ϕ′(τ),λ′(τ)

, Λ′′(τ) = Λ
 
ϕ′′(τ),λ(τ)

.
From Lemma A.6, we have
Î
′ ◦F(τ)−
 
F(τ)⊗ F(τ)

◦Î = 0,
Î
′ ◦Λ(τ)−
 
Λ(τ)⊗ F(τ) + F(τ)⊗Λ(τ)

◦Î = 0.
Note that the system of equations given in Definition A.4 for the sL∞-homotopy
pair
 
ϕ(τ),λ(τ)

is equivalent to prV ′ ◦

d
dτ
F(τ)−D(l′) ◦Λ(τ)−Λ(τ) ◦D(l)

= 0,
which implies that
d
dτ
F(τ) = D(l′) ◦Λ(τ) +Λ(τ) ◦D(l).
Therefore B
 
ϕ(τ),λ(τ)

=
 
F(τ),Λ(τ)

is a homotopy pair of cdg-coalgebras
from B
 
V, l

to B
 
V ′, l ′

. From Lemma A.2 and Lemma A.6, we have
prV ′′ ◦

F′′(τ)− F′(τ) ◦ F(τ)

= 0,
prV ′′ ◦

Λ′′(τ)− F′(τ) ◦Λ(τ)−Λ′(τ) ◦ F(τ)

= 0,
Working inductively, it is straightforward to show that the above conditions imply
that (
F′′(τ) = F′(τ) ◦ F(τ)
Λ′′(τ) = F′(τ) ◦Λ(τ) +Λ′(τ) ◦ F(τ)
so that 
F′′(τ),Λ′′(τ)

=

F′(τ),Λ′(τ)

◦

F(τ),Λ(τ)

.
Restoring the original notation, we have the desired composition relation. ♮
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Consider sL∞-morphisms as follows

V, l
 ϕ --
ϕ˜
11

V ′, l ′
 ϕ′ --
ϕ˜′
11

V ′′, l ′′

,
and assume that ϕ ∼ ϕ˜ and ϕ′ ∼ ϕ˜′. Then the first part of Lemma A.8 implies
that B(ϕ) and B(ϕ˜) are homotopic morphisms of cocdg-algebras from B
 
V, l

to
B
 
V ′, l ′

, so that the homotopy type

B(ϕ)

ofB(ϕ) depends only the the homotopy
type

ϕ

of ϕ. Define hoB

ϕ
 
:=

B(ϕ)

. Now the second part of Lemma A.8
implies that B(ϕ′ •ϕ) =B(ϕ′)◦B(ϕ) is homotopic toB(ϕ˜′ • ϕ˜) =B(ϕ˜′)◦B(ϕ˜) as
morphisms of cocdg-algebras from B
 
V, l

to B
 
V ′′, l ′′

, so that the homotopy type
B(ϕ′ •ϕ)

of B(ϕ′ •ϕ) depends only on the homotopy types

ϕ′

and

ϕ

. Com-
bining everything, we have hoB

ϕ

•h

ϕ

= hoB

ϕ
 
◦hhoB

ϕ

. Therefore,
we conclude the following.
Lemma A.9. B : sL∞(R)   cocdgC(R) is a homotopy functor: it induces a functor
hoB : hosL∞(R)  hococdgC(R).
A.4. On complete towers of classical symmetries and the classical BV master action
We explain the notion of a complete tower of infinitesimal classical symmetries as well
as a recipe to construct a classical BV master action and subsequent gauge fixing. The
key point is that every notion in off-shell classical physics should be defined modulo
the classical equation of motion and coherence issues are naturally resolved using
the language of sL∞-algebras.
Definition A.15. A BV-CFT algebra is a tuple
 
C , 1C , · ,K , ( , )

, where
 
C , 1C , · ,K

is a unital CDGA and
 
C , 1C ,K , ( , )

is a unital sDGLA, such that the degree 1 bracket
is a derivation of the product.
A typical example of BV-CFT algebra with geometric origin can be built from a smooth
manifold with a distinguished function on it. We present a dictionary for classical field
theory.
Let Lcl be the space of smooth functions on a smooth manifold Lcl with a distin-
guished element Scl ∈ Lcl. Let Ccl = · · · ⊕ C
−2
cl
⊕ C −1
cl
⊕C 0
cl
be the Z-graded space
110 Jae-Suk Park
of smooth poly-vector fields on Lcl, where C
−k
cl
= Γ
 
Lcl,Λ
kTLcl

. We regard a k-poly
vector field as an element of ghost number −k in Ccl. Note that C
0
cl
= Lcl. Then Ccl
has the structure
 
Ccl, 1Ccl , · ,Kcl, ( , )cl

of a BV-CFT algebra, where the bracket ( , )cl
is the Schoutens–Nijenhuis bracket, the differential is defined by Kcl =
 
Scl,

cl
, the
product · is the exterior product and the unit 1Ccl is the constant function on Lcl with
the value 1. Recall that the Schoutens–Nijenhuis bracket is the unique extension of
the Lie bracket to the vector fields on Lcl as a derivation of the exterior product of
poly-vector fields. It follows that Kcl ◦Kcl = 0, since
 
Scl,Scl

cl
= 0, and Kcl is a deriva-
tion of both the product and the bracket. Equivalently, we may regardCcl as the space
of smooth functions on the total space T ∗[−1]Lcl of the cotangent bundle to Lcl after
twisting the fiber by ghost number −1. We remark that T ∗[−1]Lcl has a canonical
odd symplectic structure of ghost number −1, whose associated odd Poisson bracket
of ghost number 1 is the bracket ( , )cl.
We regard Lcl as the space of classical fields and Scl as the classical action of a classical
field theory. Choose Darboux coordinates {z I |z•I } of T
∗[−1]Lcl with gh(z
I ) = 0 and
gh(z•I ) = −1, and call {z
I} the classical fields and {z•I } the anti-fields for the classical
fields. Then, the differential Kcl can be expressed as
Kcl =

δScl
δz I

δ
δz•I
, (A.1)
where we use deWitt–Einstein notation. Regarded as an odd vector field on T ∗[−1]Lcl,
the vanishing loci of Kcl is the solution space Lonshell ⊂ Lcl of the classical equation of
motion:
δScl
δz I
= 0, ∀I . (A.2)
In general, any element in ImKcl ∩Ccl vanishes by the classical equation of motion.
Consider the cohomology Hcl of the cochain complex
 
Ccl,Kcl

. Then, by Lemma
A.3, there is a minimal sL∞-structure
 
Hcl, 0, ℓ`2, ℓ`3, . . .

on Hcl and an sL∞-quasi-
isomorphism ϕ :
 
Hcl, 0, ℓ`2, ℓ`3, . . .

//
 
Ccl,Kcl, ( , )cl

. This is closely related with
the notion of a complete tower of infinitesimal classical symmetries.
We begin with a physical interpretation of the cohomology Hcl = · · ·⊕H
−2
cl
⊕H−1
cl
⊕H0
cl
.
– We say two elements Ocl and O˜cl of Lcl are equivalent if O˜cl − Ocl = λ(z)
I δScl
δz I
for some {λ(z)I} ∈ Lcl — they induce the same function on Lonshell. Then, H
0
cl
is
exactly the set of such equivalence classes: every element in C 0
cl
=Lcl belongs to
kerKcl, and any Λ ∈ C
−1
cl
is in the form Λ = λ(z)Iz•
I
and KclΛ = λ(z)
I δScl
δz I
. Note
Homotopical Computations in Quantum Fields Theory 111
that
 
Ccl, 1Ccl, · ,Kcl

is a unital CDGA, which induces the structure
 
H0
cl
, 1Hcl , m`2

of a unital commutative and associative algebra on H0
cl
, which is viewed as the
algebraLonshell of functions on the solution space Lonshell of the classical equation
of motion.
– An element R = R(z)I z•I ∈ C
−1
cl
is called an infinitesimal symmetry vector field
(for the classical action Scl) if KclR ≡ R(z)
I δScl
δz I
= 0, i.e., R ∈ KerKcl ∩C
−1
cl
. Two
infinitesimal symmetry vector fields R and R˜ are equivalent if R˜−R= λ(z)I J
δScl
δzJ
,
λ(z)I J = −λ(z)J I — they induce the same vector fields on Lonshell. Then the co-
homology group H−1
cl
is exactly the set of such equivalence classes: any Λ ∈ C −2
cl
is in the form Λ =
1
2
λ(z)I Jz•I z
•
J and KclΛ = λ(z)
I J δScl
δzJ
z•I . Note that
 
H−1
cl
, ℓ`2

is
a Lie algebra, which should be the Lie algebra of gauge symmetries of Scl. It is
straightforward to check that H0
cl
is a module of the Lie algebra H−1
cl
with the ac-
tion `̺ : H−1
cl
×H0
cl
→ H0
cl
given by (ξ,υ) 7→ `̺(ξ)(υ) = ξ.υ := ℓ`2(ξ,υ). In fact, the
entire space Hcl is a Z-graded module over the Lie algebra H
−1
cl
with a similarly
defined action.
In general, we call H0
cl
the space of on-shell classical observables, H−1
cl
the space of
gauge symmetries, H−2
cl
the space of symmetries of the gauge symmetry, etc.
Definition A.16. A tower of infinitesimal classical symmetries of a BV-CFT algebra is
a minimal sL∞-algebra
 
g,ℓg2,ℓ
g
3, . . .

together with an sL∞-morphism ρ = ρ1,ρ2, . . .
to
 
Ccl,Kcl, ( , )cl

. Such a tower is complete if ρ1 induces an isomorphism from g to
Hcl := · · · ⊕H
−2
cl
⊕H−1
cl
.
Assume, for demonstrative purposes that g is concentrated in degree −1 so that g is
a Lie algebra with bracket ℓg2.
– The first condition for ρ :
 
g,ℓg2

→
 
Ccl,Kcl, ( , )cl

to be an sL∞-morphism is
Kcl ◦ρ1 = 0, (A.3)
and the image of ρ1 : g→Ccl lies on C
−1
cl
. The condition Kcl◦ρ1 = 0 is equivalent
to the condition that ̺(g)
 
Scl) =
 
ρ1(g),Scl

= 0. Therefore,ρ1(g) ∈ KerKcl∩C
−1
cl
is an infinitesimal symmetry vector field of the classical action Scl for all g ∈ g.
Recall that C −1
cl
is the space of vector fields on Lcl, which is equivalent to the
space Der
 
Lcl

⊂ End
 
Lcl

of derivations of Lcl. Therefore ρ1 induces a linear
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map ̺ : g→ End
 
Lcl

defined for all g ∈ g and Ocl ∈ Lcl by the equation
̺(g)
 
Ocl) :=
 
ρ1(g),Ocl

cl
. (A.4)
– The second condition for ρ = ρ1,ρ2, . . . to be an sL∞-morphism is that, for all
g1, g2 ∈ g,
ρ1
 
ℓ
g
2(g1, g2)

−
 
ρ1(g1),ρ1(g2)

cl
= Kclρ2(g1, g2). (A.5)
The image of ρ2 : S
2g→ Ccl lies on C
−1
cl
and Kclρ2(g1, g2) vanishes by the clas-
sical equation of motion. Therefore, the linear map ̺ : g→ End
 
Lcl

is almost a
representation of the Lie algebra g whose failure vanishes by the classical equa-
tion of motion. It follows that ̺ induces a representation `̺ : g→ End
 
Lonshell

of
the Lie algebra g, and this is exactly what is relevant for classical physics.
– Note that the relations in eq. (A.5) come with a coherence issue. From the Jacobi-
identities of ℓg2 and ( , )cl, it can be checked that Kcl ◦ P3 = 0, where P3 is the
element of Hom
 
S3g,Ccl
1
defined to be the sum over cyclic permutations of the
indices of the arguments of the expression
ρ2
 
ℓ
g
2(g1, g2), g3

cl
−
 
ρ2(g1, g2),ρ1(g3)

cl
.
Choose the data of a strong deformation retract
 
Hcl, 0
 f --  
Ccl,Kcl

h
mm
s



. Define
ζ3 to be h ◦ P3 ∈ Hom
 
S3g,Hcl
1
and ρ3 to be s ◦ P3 ∈ Hom
 
S3g,Hcl
0
. Then we
have f ◦ ζ3 = P3 − Kcl ◦ ρ3. Provided that ζ3 = 0, we have P3 = Kcl ◦ ρ3, which
is precisely the thirdc ondition for ρ = ρ1,ρ2,ρ3, . . . to be an sL∞-morphism. In
general, we have ζ3 6= 0 so that the coherence issue can not be resolved within
the Lie algebra.
To summarize, the correct notion of an infinitesimal classical symmetry is supposed
to be an action of a Lie algebra g on the solution space Lonshell of the classical equation
of motion or, equivalently, a representation `̺ : g→ End
 
Lonshell

of the Lie algebra g.
Any lifting of such a representation to an off-shell Lcl should allow a weaker notion
of representation ̺ : g→ End
 
Lcl

modulo the classical equation of motion, which
introduces a potentially infinite sequence of coherence issues.
Resolution of all those coherence issues can be achieved, leading to the notion of a
complete tower of infinitesimal symmetries as a representative of the maximal sym-
metrymodulo equivalence. To describe this solution, we consider the reduced cochain
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complex
 
C cl,Kcl

, where C cl = · · · ⊕ C
−2
cl
⊕C −1
cl
∩ KerKcl. It follows that the coho-
mology of the reduced cochain complex is isomorphic to Hcl = · · ·⊕H
−2
cl
⊕H−1
cl
. From
the properties that the bracket ( , )cl has ghost number 1 and that Kcl is a deriva-
tion of the bracket, it follows that
 
C cl,Kcl, ( , )cl

is also an sDGLA. Therefore H cl
also admits the structure
 
Hcl, ℓ`2, ℓ`3, . . .

of a minimal sL∞-algebra together with an
sL∞-quasi-morphism ϕ :
 
H cl, ℓ`2, ℓ`3, . . .

→
 
C cl,Kcl, ( , )cl

. Then this data consti-
tutes a complete tower of infinitesimal classical symmetries, which is supposed to be
encoded by a classical BV master action S = Scl + · · · .
Choose a homogeneous basis {ea}a∈I of Hcl and work out the set of structure con-
stants

Ca1a2
b,Ca1a2a3
b, . . .
	
so that ℓ`n(ea1 , . . . , ean) = Ca1...an
beb, where n ≥ 2 and
a1, . . . ,an, b ∈ I . Then, we consider the following super-manifold:
L= Lcl ×Hcl ×H
∗
cl
×H∗
cl
[1],
with homogeneous affine coordinate system

qA
	
=

z I ,ηa,ηa,λa}, where gh(z
I ) =
0, gh(ηa) = −gh(ea), gh(ηa) = −gh(η
a) and gh(λa) = gh(ηa) + 1. Then the al-
gebra L of functions on L is isomorphic to Lcl

ηa,ηa,λa

. In physics terminol-
ogy, we call

ηa
	
the ghost fields,

ηa
	
anti-ghost fields, and

λa
	
auxiliary or
Lagrangian multiplier fields. In particular

ηa
gh(ηa) = 1	 is the Faddeev–Popov
ghosts,

ηa
gh(ηa) = 2	 the ghosts of the the Faddeev–Popov ghosts, etc. Collec-
tively, one calls

qA
	
the fields.
Now we consider T ∗[−1]L, which has the canonical symplectic structure ΩBV with
ghost number −1, whose expression in terms of Darboux coordinates
qA|q•
A
	
=

z I ,ηa,ηa,λa|z
•
I
,η•
a
,ηa• ,λ
a
•
	
, gh(q•
A
) = −gh(qA)− 1,
is Ω = dz•I ∧dz
I +dη•a∧dη
a+dηa• ∧dηa+dλ
a
• ∧dλa. We call q
•
A the antifield for
the field qA. Then, the space C ∼= Lcl

ηa,ηa,λa,η
•
a
,ηa• ,λ
a
•

a∈J
of functions on
T ∗[−1]L has the structure of BV-CFT algebra
 
C , 1C , · ( , )BV

with zero differential,
where ( , )BV is the odd Poisson bracket associated with ΩBV and 1C = 1Ccl .
Now we define a classical BV master action S ∈ C 0 as follows:
S = Scl+
∑
n≥2
1
n!
ηa1 · · ·ηanCa1...an
bη•
b
+
∑
n≥1
1
n!
ηa1 · · ·ηanϕn(ea1 , . . . , ean)+λaη
a
• . (A.6)
Then, it is straightforward to check that S satisfies the so called classical BV master
equation:
(S,S)BV = 0,
S

L
= Scl.
(A.7)
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Define K := (S,−)BV . It follows that
 
C , 1C , · ,K , ( , )BV

is a BV-CFT algebra.
We remark thatϕn(ea1 , . . . , ean) ∈ Ccl and gh
 
ϕn(ea1 , . . . , ean)

= gh(ea1)+. . .+gh(ean) ≤
−1 for all n≥ 1 and ea1 , . . . , ean ∈ Hcl. Therefore, we have
ϕn(ea1 , . . . , ean) = R(z)a1 ...an
I1...Ikz•I1
· · · z•Ik ,
where k = −
 
gh(ea1) + . . .+ gh(ean)

≥ 1, and we obtain the following more explicit
form of S as defined in eq. (A.6):
S = Scl+
∑
n≥2
1
n!
ηα1 · · ·ηαnCa1...an
bη•
b
+
∑
n≥1
1
n!
ηa1 · · ·ηanR(z)a1...an
I1...Ikz•
I1
· · · z•
Ik
+λaη
a
• .
Encoding a complete tower of infinitesimal classical symmetries by the classical BV
master action S, we turn to a general gauge fixing procedure.
Definition A.17. A gauge fermion is an elementψ ∈ L −1 and the gauge fixed classical
action Sψ
cl
∈ L 0 with respect to the gauge fermion ψ is
S
ψ
cl
:= Scl +
∑
n≥1
1
n!
νn(ψ, . . . ,ψ)
= Scl +λa
δψ
δηa
+
∑
n≥2
1
n!
ηa1 · · ·ηanCa1...an
b δψ
δηb
+
∑
n≥1
1
n!
ηa1 · · ·ηanR(z)a1...an
I1...Ik

δψ
δz I1

· · ·

δψ
δz Ik

.
Remark A.1. Define the family ν = ν0,ν1,ν2, . . . by declaring that ν0 = Scl and, for
all n≥ 1 and homogeneous γ1, . . . ,γn ∈ L ,
νn(γ1, . . . ,γn) :=
  
· · · ((S,γ1)BV ,γ2)BV , · · ·

BV
,γn

BV

L
.
Then, we have
S
ψ
cl
= ν0 + ν1(ψ) +
1
2!
ν2(ψ,ψ) +
1
3!
ν3(ψ,ψ,ψ) + . . . .
In fact, it is easy to check that
 
L ,ν

is a weakly homotopy Lie algebra, also known
as a curved L∞-algebra — for example the differential ν1 : L → L , which is often
called a BRST operator, does not satisfy ν1 ◦ ν1 = 0 strictly but only modulo the
classical equation of motion. ♮
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Alternatively, we consider an element Ψ ∈ C −1 and the canonical transformation
generated by Ψ . Then, we have
S→ SΨ = S + (S,Ψ)BV +
1
2!
((S,Ψ)BV ,Ψ)BV + . . . ∈ C
0
Let ψ= Ψ

L
. Then, from eq. (A.7) and by definitions, we obtain that
(SΨ ,SΨ )BV = 0,
SΨ

L
= S
ψ
cl
.
Equivalently, we can interpret the canonical transformation generated by Ψ = ψ as
a deformation of the Lagrangian subspace L into Lψ so that SΨ

L
= S

Lψ
, i.e., from
the zeros of the section q•A to the zeros of the section q
•
A−
δψ
δqA
.
Example A.1. Now we consider a simple case, where the standard BRST-FP method
[11,4] can be used. Assume that Hcl = H
−1
cl
. Then, the reduced sDGLA
 
C ,K , ( , )BV

is formal for degree reasons. Then the minimal sL∞-structure on Hcl is
 
H−1
cl
, ℓ`2

,
which is just a Lie algebra g — which we assume to be the Lie algebra of a simply
connected Lie group G. Also assume that we have an sL∞-quasi-isomorphism ϕ to
the sDGLA such that ϕn = 0, for all n≥ 2. Note that ϕ1(ea) = R(z)a
Iz•I ∈ C
−1. Then
the classical BV master action S is reduced to the following simple form
S = Scl +λaη
a
• +
1
2
ηa1ηa2 fa1a2
bη•
b
+ηaR(z)a
Iz•
I
.
where gh(ηa) = 1, gh(ηa) = −1 and gh(λa) = 0. Then we have
 
L ,ν

where ν1 = Scl,
ν1 = δBRST and νk = 0 for all k ≥ 3, where δBRST is the so-called BRST operator given
by
δBRST = λa
δ
δηa
+δLie, δLie =
1
2
ηa1ηa2 fa1a2
b δ
δηb
+ηaR(z)a
I δ
δz I
Then we have δBRST ◦δBRST = δLie ◦δLie = 0 and δBRSTScl ≡ δLieScl = 0. Note that δLie
is the differential for the standard Lie algebra cohomology. In coordinates, any gauge
fermion can be written ψ= ηaG
a(z). It follows that
S
ψ
cl
= Scl +δBRSTψ= Scl +λaG(z)
a + ηaR(z)a
I δG(z)
b
δz I
ηb,
which is precisely the gauge fixed action according to the Fadeev–Popov procedure:
the integral over {λa} imposes the constraint {G(z)
a = 0} — a gauge fixing — and
the integral over {ηa,ηa} induces the so called Fadeev–Popov determinant, which are
the two ingredients for constructing a quotient measure on Lcl

G. ♮
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Finally, we refer to [20] for the geometry of quantum BV master action and [6] for
many subtleties in dealing with infinite dimensional spaces of fields from both the
classical and quantum perspectives. For a passage from the idea of infinitesimal sym-
metry of quantum expectation to binary QFT algebra, we refer to Section 5 in [17],
where ħh= 1.
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